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Abstract
We construct the non-linear realisation of the semi-direct product of E11 and its
first fundamental representation at low levels in four dimensions. We include the fields
for gravity, the scalars and the gauge fields as well as the duals of these fields. The
generalised space-time, upon which the fields depend, consists of the usual coordinates
of four dimensional space-time and Lorentz scalar coordinates which belong to the 56-
dimensional representation of E7. We demand that the equations of motion are first order
in derivatives of the generalised space-time and then show that they are essentially uniquely
determined by the properties of the E11 Kac-Moody algebra and its first fundamental
representation. The two lowest equations correctly describe the equations of motion of
the scalars and the gauge fields once one takes the fields to depend only on the usual four
dimensional space-time.
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1 Introduction
One of the most remarkable discoveries in the development of supersymmetry, and
indeed string theory, was the presence of an E7 symmetry in the four dimensional maximal
supergravity theory [1,2]. There followed the discovery of E8 [3] and E9 [4] symmetries in
the maximal supergravity theories in three and two dimensions respectively, as well as a
conjectured E10 symmetry in one dimension [5]. It was also found that the ten dimensional
IIB supergravity theory possessed a SL(2) symmetry [6]. Apart from the last symmetry it
was universally assumed that these symmetries were a quirk of dimensional reduction on a
torus. The one exception was discussed in the papers of references [7, 8]. The first of these
papers sacrificed the tangent space group to be just SO(1,3) but was then able to show
that eleven dimensional supergravity possessed a SU(8) symmetry; the latter papers in this
reference were variations on this theme. While in reference [8] it was argued that eleven
dimensional supergravity possessed exceptional structures such as a generalised vielbein
associated with the group E8, however, the presence of these structures did not lead to
the conclusion that the theory possessed an E8 symmetry group.
Inspired by the observation that the eleven dimensional supergravity theory was a
non-linear realisation [9] it was conjectured that the non-linear realisation of E11 con-
tained eleven dimensional supergravity [10]. This work was extended to show that the
non-linear realisation of E11 also contained the IIA [10], IIB [11] and lower dimensional
supergravity theories [12,13,14,15]. The different theories result from the different possible
decompositions of the Kac-Moody algebra E11 that one could take. As the maximal su-
pergravity theories contain all effects at low energy of the underlying theory of strings and
branes it was proposed that this underlying theory of strings and branes should possess
an E11 symmetry [10]. In the early papers our usual notion of space-time was introduced
by adjoining the space-time translation generators to the E11 algebra in an adhoc step.
However, in 2003 the non-linear realisation of the semi-direct product of E11 together with
generators that belong to its first fundamental representation, denoted l1, was considered
[16]; this algebra was denoted by E11 ⊗s l1. The highest weight state in the l1 represen-
tations corresponds to the usual space-time translations, but this representation contains
an infinite number of elements. We recall that the notion of a semi-direct product is well
known to physicists as the Poincare´ group is just the semi-direct product of the Lorentz
group and the space-time translations. To understand reference [16], that is, the non-linear
realisation of E11 ⊗s l1 one has to be familiar with the notion of a non-linear realisation
which in this case is quite distinct from what is often called a sigma model. This subject
was once well known, at least in some sections of the community and particularly in Russia
in the 1960’s, but this knowledge seems to have largely been lost in the present, with some
notable exceptions. Examples of such non-linear realisations can be found in [9,10,19] and
a review of non-linear realisations, and the E11 programme, can be found in the book
of reference [17]. The non-linear realisation of the type considered in [16] introduces a
generalised space-time which is automatically equipped with a generalised vielbein and
corresponding generalised tangent space.
The l1 representation contains an infinite number of elements and so introduces an
infinite number of generalised coordinates. Like the adjoint representations of E11, the
elements of the l1 representation can be organised according to the notion of a level [18].
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The decomposition which leads to the d dimensional theory, is found by deleting node d
in the E11 Dynkin diagram and at the lowest level the resulting algebra is GL(d)×E11−d.
We recognise the GL(d) algebra as that associated with gravity in d dimensions [19,10]
and E11−d as the U duality group in d dimensions. How one finds the d dimensional theory
is discussed in detail, for example, in [12-15]. The generalised coordinates that arise from
the l1 representation at the lowest level are the usual coordinates of space-time as well as
coordinates which are scalars under the Lorentz group but transform as the 10, 1¯6, 2¯7, 56
and 248⊕1 of SL(5), SO(5,5), E6. E7 and E8 for d equal to seven, six, five, four and three
dimensions respectively [20,21,13,22]. In fact one can find all the generalised coordinates
that are forms, that is, carry completely anti-symmetrised space-time indices. This result
for the generators of the l1 representation, appropriate to d dimensions, are given in the
table below [20,21,22]
The form charges in the l1 representation in d dimensions
D G Z Za Za1a2 Za1...a3 Za1...a4 Za1...a5 Za1...a6 Za1...a7
8 SL(3)⊗ SL(2) (3, 2) (3¯, 1) (1, 2) (3, 1) (3¯, 2) (1, 3) (3, 2) (6, 1)
(8, 1) (6, 2) (18, 1)
(1, 1) (3, 1)
(6, 1)
(3, 3)
7 SL(5) 10 5¯ 5 1¯0 24 40 70 -
1 15 50 -
10 45 -
5 -
6 SO(5, 5) 1¯6 10 16 45 ¯144 320 - -
1 16 126 - -
120 - -
5 E6 2¯7 27 78 ¯351 1728 - - -
1 2¯7 351 - - -
27 - - -
4 E7 56 133 912 8645 - - - -
1 56 1539 - - - -
133 - - - -
1 - - - -
3 E8 248 3875 147250 - - - - -
1 248 30380 - - - - -
1 3875 - - - - -
248 - - - - -
1 - - - - -
The corresponding coordinates can be easily read off and they carry the contragredient
representations to that of the generators. One sees in the first column the scalar coordinates
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mentioned above. The generalised tangent space structure that is inherited from the
coordinates is easily read off from the table in an obvious way.
One can view the generalised coordinates from a more physical viewpoint. The l1
representation can be thought of as containing all the brane charges and so there is a one
to one correspondence between the coordinates of the generalised space-time and the brane
charges [16,18,23,22,20]. As such one can think of each coordinate as associated with a
given type of brane probe. Furthermore for every generator in the Borel subalgebra of E11
there is a corresponding element in the l1 representation [18], and as a result for every
field in the non-linear realisation one finds a corresponding coordinate. For example, in
eleven dimensions at lowest level one has the usual field of gravity ha
b associated with
which one has the usual coordinate xa of space-time, at the level one we find the three
form field Aa1a2a3 with associated coordinate xa1a2 , at level two we have the six form
field Aa1...a6 with the associated coordinate xa1...a5 , at level three the dual field of gravity
ha1...a8,b with a corresponding coordinate xa1...a7,b and similarly at higher levels [16]. One
can think of this as generalisation of the notion of space-time introduced by Einstein that
takes into account the presence of fields, required by supersymmetry, in addition to the
metric. The precise correspondence, for the four dimensional theory, between the fields
and the coordinates can be found later in this paper.
Although quite a number of the predictions of E11 have been verified, see for example
[13,17] for an account, the radically new nature of the generalised space-time has, until
relatively recently, discouraged the systematic calculation of the E11 ⊗s l1 non-linear real-
isation. In the early papers on E11 only the coordinate x
a was used and the symmetries
of the non-linear realisation were only implemented at lowest levels. This particularly,
applies to the local subalgebra which plays an important part in the non-linear realisa-
tion. The local subalgebra is taken to be the Cartan involution invariant subalgera and
it was usually taken to be just that at the lowest level which, in eleven dimensions, is
just the Lorentz algebra. As a result much of the power of the non-linear realisation was
lost. Nonetheless many of the features of the supergravity theories were recovered. With
retrospect one can view the early attempts to construct the dynamics, see for example
[10,11], as using the E11 ⊗s l1 non-linear realisation but only keeping the lowest level l1
generators, which, in eleven dimensions, are just the usual space-time translations and so
only the usual coordinates of space-time.
One of the first papers to use some of the higher level generalised coordinates is given
in reference [13] which was used to construct all gauged supergravities in five dimensions
[13], a result not previously known. In this construction some of the generalised coordi-
nates and their corresponding components of the generalised vielbein played an important
role. However, the remaining coordinates of the l1 representations were discarded and the
generalised space-time that remained was a slice taken in the l1 representations and E11.
The techniques used in this paper could easily be applied to find all gauged supergravities
in all dimensions.
The construction of the E11 ⊗s l1 non-linear realisation at lowest level in four di-
mensions was carried out in reference [24, 25]. This contained the usual coordinates of
space-time and Lorentz scalar coordinates which belonged to the 56-dimensional represen-
tation of E7, mentioned above, that is the content of the l1 representations at lowest level.
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It also took the fields in the l1 representation at lowest level that is the metric and the
scalar fields. Much of these papers were devoted to the part of the theory that lives on the
56-dimensional space. In contrast to the equation of motion approach pursued in most E11
papers, this paper constructed an invariant Lagrangian. This Lagrangian was not uniquely
determined by the symmetries of the non-linear realisation, which were taken to be those
at lowest level, and it contained several undetermined constants. However, it was realised
in the papers of reference [24,25] that if one restricted the dependence of the fields to be
only on the usual coordinates of space-time then, for a suitable choice of the constants, the
action was gauge and general coordinate invariant. More recently, the E11⊗s l1 non-linear
realisations, at lowest level, in the l1 representation and in E11, and also discarding the
fields and coordinates of the usual space-time, were constructed in dimensions four to seven
and corresponding Lagrangians were constructed [26]. These Lagrangians in six and seven
dimensions had previously been constructed [27] using the coordinates introduced into the
first quantised dynamics with the aim of encoding duality symmetries [28]. However, it
was apparent [26] that these were just the result of the non-linear realisation of E11 ⊗s l1
at lowest level which was then further truncated in the way just mentioned.
One of the first papers to compute the E11⊗s l1 non-linear realisation at higher levels
and also keeping some of the higher level symmetries was contained in references [29,30]
which computed the ten dimensional IIA theory. It kept the E11 fields at levels zero and
one which contained the fields of the NS-NS and R-R sectors of the IIA string respectively,
with the coordinates of the l1 representation at level zero. The latter consisted of the usual
coordinates of ten dimensional space-time as well as coordinates which were all forms of
odd rank. Considering quantities that were first order in the derivatives of the generalised
space-time it was shown that there existed only two covariant objects, both of which were
uniquely determined and transformed into themselves. Setting one of these to zero resulted
in a set of equations of motion which were those of type IIA supergravity when the fields
were taken to depend only on the usual coordinates of ten dimensional space-time. The
way the results in these papers was phrased were a bit different but it is equivalent to the
statement just made.
Very recently the non-linear realisation of E11 ⊗s l1 in eleven dimensions was con-
structed keeping the fields of gravity, three form, six form and dual gravity fields and the
usual coordinates of space-time as well as the two form and five form coordinates [31]. In
other words, this calculation kept the coordinates of the l1 representation and E11 up to
and including levels two and three respectively. As a result one could impose the higher
level symmetries contained in the E11 ⊗s l1 non-linear realisation and, in particular, the
local symmetries. As in ten dimensions we considered quantities that were first order in
the derivatives of the generalised space-time and again found that there existed only two
such covariant objects both of which were unique and transformed into themselves. Setting
one of them to zero resulted in a set of equations of motion, the first of which correctly
described the equation of motion for the three form and six form fields when the depen-
dence on the higher level coordinates and fields beyond the dual graviton were discarded.
The second equation in this set described the equation of motion relating the usual field
of gravity and the dual gravity field. This equation was very close to being correct and
one source of the discrepancy may be accounted for by missing contributions from higher
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order fields which were omitted. We note that should one succeed in finding an equation
that correctly describes gravity then the E11 conjecture would be confirmed, that is, the
non-linear realisation of E11⊗s l1 is an extension of the maximal supergravity theories. In
this event one would have to take seriously the generalised space-time associated with the
l1 representation.
In this paper we will carry out a similar calculation but in four dimensions. That is
we will carry out the E11⊗s l1 non-linear realisation in the decomposition that leads to the
four-dimensional theory. We will keep the fields in the l1 representation up to level four,
that is we include the fields of gravity, scalars, one forms, two forms and the dual field of
gravity. From the l1 representation we will take the usual coordinates of space-time and
the Lorentz scalar coordinates that transform in the 56-dimensional representations of E7,
that is we only keep the level zero part of the l1 representation. However, we will do the
calculation in such a way that we will impose some of the crucial higher level symmetries
of the non-linear realisation. The E11 ⊗s l1 algebra for the eleven dimensional theory
is relatively simple and well studied up to the required levels however, the complicated
index structure of the fields means that the calculation of the equations of motion and
the verification of their invariance, given in [31], is rather intricate. Although the four
dimensional theory has more fields compared to the eleven dimensional theory they have
a much simple index structure. Hence although it is much more complicated to find the
E11⊗s l1 algebra for the required decomposition, the calculation of the equations of motion
is much simpler. To find the four dimensional theory one must decompose E11 and the l1
representations into representations of GL(4)⊗E7. While this is relatively straightforward,
in order to correctly implement even the lowest order local subalgebra of the non-linear
realisation one must then further decompose into representations of SO(1, 3) ⊗ SU(8).
This complicated calculation takes up much of this paper, however, there are many checks
one can carry out to verify that the results found are correct. One further advantage of
four dimensions is that the usual gravity field and the dual gravity field, and their related
coordinates, have similar index structures. As such one is hopefully in a better position to
resolve the problems associated with the dual gravity field.
We will consider how objects that are first order in derivatives with respect to the
generalised space-time transform under the symmetries of the non-linear realisation. We
will show that there are two sets of objects that transform into themselves and are uniquely
specified by the symmetries. Each set contains an infinite number of objects and setting
one set to zero leads at the lowest level to the correct equations of motion for the scalars
and gauge fields provided we take the fields to only depend on the coordinates of the usual
four dimensional space-time. We will also give some preliminary results on the higher level
fields.
None of the papers mentioned above gives a satisfactory account of how the familiar
space-time we are used to emerges naturally from the generalised space-time, or put another
way, how does one discard most of the coordinates of the l1 representation to find the
theories we are familiar with. This dilemma is considered further in the discussion section.
Before concluding the introduction we will make a few remarks on the relation of the
E11 programme to other approaches. We begin by contrasting the usual view of M theory
with the E11 conjecture. It is often stated that all the different string theories are different
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aspects of an eleven dimensional theory, called M theory. Of course we do not know much
about M theory so the meaning of this statement is not clear. In contrast all the maximal
supergravity theories can be obtained from the E11 ⊗s l1 non-linear realisation by taking
different decompositions. As such from the E11 viewpoint all the different theories are
on an equal footing and indeed are dual to each other, being different descriptions of the
same underlying theory, and indeed no space-time dimension is preferred. The mapping
between the different theories is for example discussed in reference [23].
Subsequent to the 2003 proposal of reference [16] a number of other approaches involv-
ing some kind of generalised geometry have been considered. The most popular is called
doubled geometry, see [32] and references therein. This approach was inspired by earlier
papers that considered in addition to the usual coordinate of space-time xa the coordinate
ya and constructed an O(10,10), T duality, invariant ten dimensional theory. This theory
had the same fields as the NS-NS sector of the superstring but they depended on both of
the just mentioned coordinates. However, the result was none other than the E11 ⊗s l1
non-linear realisation suitable for the IIA theory at lowest level [29]. The advantage of
viewing it this way is that it is part of a much large conceptual framework where all the
symmetries are automatically encoded. Indeed the non-linear realisation of E11 ⊗s l1 at
level one leads to the inclusion of the R-R sector fields [30]. The level zero and one cal-
culations of the non-linear realisation appropriate for the IIA theory are very simple and
can be performed in a few pages without the need for any guess work. The one point
contained in the literature on doubled field theory which does not follow from the E11⊗s l1
non-linear realisation is how to discard the ya coordinates. Rather than just discard them
as in references [25,26] they adopt what is called a section condition, however, in practice
it seems there is not so much difference.
There is yet another approach inspired by the work of references [33] and [34]. This
introduced an extended tangent space, associated with O(D,D) but does not extend our
usual notion of space-time, see for example [35] and references therein. In this approach
one does not try to find additional symmetries, but rather packages the theory up into a
generalised geometry. In ten dimensions the tangent space is essentially doubled compared
to that taken conventionally, however this is precisely the same tangent space as arises in
the non-linear realisation of E11⊗s l1 appropriate to ten dimensions at lowest level [29,30].
While in lower dimensions the tangent spaces and tangent groups are just those contained
in the E11 ⊗s l1 non-linear realisation at lowest level [20,21,13,22]. While there has not
been a detailed study to investigate the connection to the non-linear realisation of E11⊗s l1
it would seem inevitable that it is just the non-linear realisation of E11 ⊗s l1 with the l1
part taken to be just the usual coordinates of space-time and the E11 part up to the level
that incorporates all the usual supergravity fields. Thus, while the works of reference [35]
try to generalise Einstein geometry taking into account global considerations, the required
structures are very likely to be automatically encoded in the E11⊗s l1 non-linear realisation.
2 The E11 algebra and l1 representation viewed from four dimensions
In this section we will formulate the E11 algebra and the l1 representation in such a
way that their non-linear realisation leads to a theory in four dimensions. We will begin by
finding their decompositions in terms of representations of GL(4)⊗E7 rather than the more
common SL(11) decomposition which leads to the eleven dimensional theory. An important
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role in the construction of the non-linear realisation, that is the dynamics, is played by
the Cartan involution invariant subalgebra of E11, denoted Ic(E11). At lowest level this
is just the subalgebra SO(1, 3)⊗ SU(8). The SU(8) factor is just the Cartan involution
invariant subgroup of E7 while SO(1, 3) is the Cartan involution invariant subalgebra of
SL(4); these are the same as the respective maximal compact subgroup for the real forms
of E7 and A3 with which we are working. As such we need a formulation of E11 and the l1
representation in which the subalgebra Ic(E11) is apparent and in particular the subalgebra
SO(1, 3) ⊗ SU(8). While it is obvious how representations of SL(4) can be rewritten in
terms of SO(1,3) this is not quite so clear for the SU(8) hidden within E7. This problem
has been well studied in the mathematics literature and an account for physicists can be
found in appendix B of reference [2]. As explained in this reference the best way to find
this SU(8) subalgebra of E7 is to first identify the more obvious SL(8) subgroup of E7 and
then decompose the adjoint representations of E7 in terms of representations of this SL(8).
The desired SU(8) subalgebra, and the decomposition of the adjoint representation of E7
into representations of it, can then be constructed. We note that the SL(8) and SU(8)
have in common their obvious SO(8) subgroups, but they are not different real forms of
the same subalgebra of E7 when viewed in its complex form.
For the calculations in this paper we must generalise this results to find, at low levels,
the Cartan involution subalgebra of E11, that is Ic(E11), and then decompose E11, and
its l1 representations, into representations of Ic(E11). This is the task of section two. At
lowest level this was carried out in reference [26], that is, the SU(8) contained within E11
was identified and the E7 and 56-dimensional representation in l1 were decomposed in
terms of this SU(8).
2.1 The GL(4)⊗E7 decomposition of the E11 algebra and the l1 representa-
tion
To find the four-dimensional theory from the non-linear realisation of E11 ⊗s l1 we
delete the fourth node in the E11 Dynkin diagram, see figure 2.1, and consider the decom-
position of E11⊗s l1 into representations of the subalgebra that results, that is, GL(4)⊗E7.
• 11
|
• − • − • − ⊗ − • − • − • − • − • − •
1 2 3 4 5 6 7 8 9 10
Figure 2.1: The E11 Dynkin diagram from the viewpoint of the four-dimensional
theory.
The GL(4) factor, whose generators we denote by Kab, a, b = 1, . . . , 4 leads in the
non-linear realisation to the familiar field used to describe gravity and the E7, whose
generator we denote by Rα, is the well known symmetry group in four dimensions whose
corresponding fields in the non-linear realisation are the seventy scalars.
The representations that occur in this decomposition can be classified according to a
level. In this case the level is just the number of upper minus lower GL(4) indices that the
generator possess. Thus the level zero E11 generators are just GL(4)⊗E7. The interested
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reader can find a more formal account of the level in earlier E11 papers and in the book
[17]. Ordered by their level the decomposition of E11 into representations of GL(4) ⊗ E7
is given by
Kab(15, 1, 0), R
α(1, 133, 0); RaN (4, 56, 1); Ra1a2α(6, 133, 2),
Kˆab(10, 1, 2); Ra1a2a3λ(4, 912, 3), Ra1a2,bN (20, 56, 3); . . . (2.1.1)
where . . . indicate generators at level four and above. The first two figures in the brackets
indicate the dimensions of the SL(4) and E7 representations respectively, while the last
figure is the level. We have not displayed the negative level generators, except for those at
level zero, however, they have the same index structure except that their indices are now
subscripts. The GL(4) indices are given as a, b, a1, a2, . . .. The indices on the generators
Ra1a2α and Ra1a2a3λ are totally anti-symmetrised. The generator Kˆab is subject to the
condition Kˆab = Kˆ(ab) and the generator Ra1a2,bN satisfies R[a1a2,b]N = 0.
As explained later, in the non-linear realisation there is a one to one correspondence
between the fields that arise and the generators of the Borel subalgebra, that is those of
level zero and positive level. The GL(4) ⊗ E7 indices on the fields are inherited from
those on these generators, for example RaNAaN . As such, the generators with com-
pletely anti-symmetrised indices, the so called form generators, lead to the gauge fields
AaN , Aa1a2α, Aa1a2a3λ. One expects, in the resulting dynamics, that the first gauge fields
will satisfy some kind of self-duality condition, the second gauge fields are dual to the
scalars and the third lead to a cosmological constant and so classify the gauged super-
gravities [12,36]. As we have mentioned the usual field ha
b of gravity corresponds to the
generator Kab while the generator Kˆ
ab leads to the dual gravity field, denoted by hˆab. In
this paper we will be only concerned with the generators up to, and including, level two.
We also decompose the l1 representation into representations of GL(4) ⊗ E7. Listed
according to their level the results is
Pa(4, 1, 0), Z
N(1, 56, 1), Zaα(4, 133, 2), Za(4, 1, 2), Za1a2N (6, 56, 3),
Z(a1a2)N (10, 56, 3), Za1a2λ(6, 912, 3), . . . . . . (2.1.2)
where . . . denoted objects at level four and above. In the non-linear realisation these lead
to the generalised space-time which has the corresponding coordinates
xa, xN , xaα, xˆa, xa1a2N , x(a1a2)N , xa1a2λ, . . . . . . (2.1.3)
We note that for the four dimensional theory, the gravity and dual gravity fields and
usual coordinates xa and dual gravity coordinates xˆa appear on a much more symmetrical
footing than in other dimensions.
One can find the generators of equation (2.1.1) and (2.1.2) by simply ”dimensionally
reducing” to four dimensions the E11 algebra, and the l1 representation when written in
their eleven dimensional formulations. From the group theoretic view point this is equiv-
alent to decomposing the SL(11) formulation of the E11 algebra and the l1 representation
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into representations of GL(4) ⊗ SL(7). The SL(11) in question is the algebra that re-
sult from deleting node eleven in the E11 Dynkin diagram of figure 2.1 and so its Dynkin
diagram consists of nodes one to ten. We recall that the GL(4) ⊗ E7 subalgebra arose
from deleting node four in the Dynkin diagram of figure 2.1 and the the SL(4) and SL(7)
subalgebras correspond to the Dynkin diagrams which consist of nodes one to three and
nodes five to ten respectively. Having found the decomposition into GL(4)⊗ SL(7) repre-
sentations we can then repackage the SL(7) representations into those of E7. The eleven
dimensional, or SL(11), formulation of the E11 algebra is well known, and when listed
according to the appropriate level, it contains the positive level generators [10,37]
K aˆbˆ (0), R
aˆ1aˆ2aˆ3 (1), Raˆ1...aˆ6 (2), Raˆ1...aˆ8,bˆ (3),
Raˆ1...aˆ9,bˆ1bˆ2bˆ3 (4), Raˆ1...aˆ11,bˆ (4), Raˆ1...aˆ10,(bˆ1bˆ2) (4), . . . (2.1.4)
where aˆ, bˆ = 1, . . . , 11. In this equation . . . denotes generators at level five and higher. The
generators obey irreducibility conditions such as R[aˆ1...aˆ8,bˆ] = 0, . . .. The numbers in the
brackets indicate the level appropriate to the SL(11) decomposition. This level arises from
deleting node eleven and it is different to the level discussed above that is associated with
deleting node four. The eleven dimensional level can be thought of as just the number of
up minus down eleven dimensional indices divided by three.
The l1 representation, listed according to increasing level, contains [16,18,20]
Paˆ (0), Z
aˆ1aˆ2 (1), Z aˆ1...aˆ5 (2), Z aˆ1...aˆ7,b (3), Z aˆ1...aˆ8 (3),
Z bˆ1bˆ2bˆ3,aˆ1...aˆ8 (4), Z(cˆdˆ),aˆ1...aˆ9 (4), Z cˆdˆ,aˆ1...aˆ9 (4), Z cˆ,aˆ1...aˆ10 (4), Z (4)
Z cˆ,dˆ1...dˆ4,aˆ1...aˆ9 (5), Z cˆ1...cˆ6,aˆ1...aˆ8 (5), Z cˆ1...cˆ5,aˆ1...aˆ9 (5),
Z dˆ1,cˆ1cˆ2cˆ3,aˆ1...aˆ10 (5), Z cˆ1...cˆ4,aˆ1...aˆ10 (5,−2), Z(cˆ1cˆ2,cˆ3) (5), Z cˆ,aˆ1aˆ2 (5), . . . (2.1.5)
These generators satisfy irreducibility conditions such as Z [aˆ1...aˆ7,bˆ] = 0, . . ..
To carry out the decomposition from representations of SL(11) into those of GL(4)⊗
SL(7) we divide the values of the indices aˆ, bˆ, . . . into the ranges, one to four and the
remainder, that is, five to eleven, which we denote by the labels a and i respectively.
Carrying this out for the l1 representation given in equation (2.1.5) we find that
Pa; P˙i, Z˙
i1i2 , Z˙i1...i5 , Z˙i1...i7,j; Z˙ai, Zai1...i4 , . . . (2.1.6)
We have placed a dot on the resulting objects as we will use the symbols Zi1i2 etc for
a later purpose. We now have to assemble these into representations of GL(4) ⊗ E7.
Those of GL(4) are the same, but we must assemble the representations of SL(7) into
those of E7. For example, between the first semi-colon and the second, we recognise the
56 = 7 + 21 + 21 + 7-dimensional representation of E7 contained in the Z
N of equation
(2.1.2).
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Proceeding in a similar way we can decompose the generators of the E11 algebra of
equation (2.1.4) into representations of SL(7) to find
Kab; K˙
i
j , R˙
i1i2i3 , R˙i1i2i3 , R˙
i1...i6 , R˙i1...i6 ; K˙
a
i, R˙
ai1i2 , R˙ai1...i5 , R˙i1...i7,a : . . . (2.1.7)
The first generators before the first semicolon are those of the 15 + 1-dimensional repre-
sentation of GL(4). The generators between the next semicolons are those of the adjoint
representations of E7 corresponding to the decomposition 133 = 48+1+35+35+7+7 and
those after the next semicolon belong to the 56 = 7+21+21+7-dimensional representation
of E7; thus we find agreement with equation (2.1.1).
2.2 The SL(8) Formulation for the E11 algebra and l1 representation
As we have explained at the beginning of section two an important role in the construc-
tion of the non-linear realisation is played by the Cartan involution invariant subalgebra
of E11 which at lowest level is the subalgebra SO(1, 3)⊗SU(8). To locate this algebra we
first identify the SL(8) subgroup of E7 whose generators we denote by K
I
J , I, J = 1, . . . , 8.
The obvious SL(7) subgroup of SL(8) is the SL(7) subgroup discussed in the last section.
In terms of the generators of equation (2.1.7) the generators of SL(8) are given by [26]
Kij = K˜
i
j −
1
6
δij
∑
k
K˜kk, i, j = 1, . . . , 7
K8j = −
2
6!
ǫji1···i6R˙
i1···i6 , Kj8 =
2
6!
ǫji1···i6R˙i1···i6 . (2.2.1)
where
K˜ij = K˙
i
j −
1
2
δij
∑
a
Kaa (2.2.2)
On the right hand side of these equations the symbols K˙ij , R˙
i1···i6 and R˙i1···i6 are those
found by the decomposition given in equation (2.1.7) and should not be confused with the
Kij on the left hand side of equation (2.2.1) which are part of the SL(8) generators. It is
straightforward to verify, using the E11 algebra given in appendix A, that they do indeed
satisfy the SL(8) algebra, that is,
[KIJ , K
L
M ] = δ
L
JK
I
M − δ
I
MK
L
J (2.2.3)
Since we are dealing with SL(8) the generators are traceless and so K88 = −
∑7
i=I K
I
I
The remaining generators of E7 belong to the seventy-dimensional representation of
SL(8) and are contained in the generator RI1...I4 whose indices are totally antisymmetric.
In terms of the decomposed generators of equation (2.1.7) these are given by
Ri1i2i38 =
1
12
R˙i1i2i3 , Ri1...i4 =
1
12.3!
ǫi1···i4j1j2j3R˙j1j2j3 (2.2.4)
The commutators of these generators with those of SL(8) are given by
[KIJ , R
L1···L4 ] = 4δ
[L1
J R
|I|L2···L4] −
1
2
δIJR
L1···L4 (2.2.5)
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while the remaining E7 commutators are given by
[RI1···I4 , RJ1···J4 ] = −
1
8
{ǫJ1···J4L[I1···I3KI4]L − ǫ
I1···I4L[J1···J3KJ4]L}
= −
1
4
ǫJ1···J4L[I1···I3KI4]L. (2.2.6)
In deriving the last relation we have used the identity
ǫJ1···J4L[I1···I3SI4]L + ǫ
I1···I4L[J1···J3SJ4]L = −ǫ
J1···J4I1···I4
∑
N
SNN (2.2.7)
valid for any object SIJ . This identity is easily proved by taking values for the indices.
Proceeding in a similar way one finds that the positive level generators of the E11
algebra, when written in terms of GL(4)⊗ SL(8) representations, take the form
KIJ(1, 63), R
I1...I4(1, 70), Kab(16, 1);R
aI1I2(4, 28), RaI1I2(4, 2¯8);
Ra1a2IJ (6, 63), R
a1a2I1...I4(6, 70), Kˆab(10, 1), . . . (2.2.8)
The two numbers in brackets give the dimensions of their SL(4) and SL(8) representations
respectively. The negative definite level generators are given by
R˜aI1I2(4, 2¯8), R˜a
I1I2(4, 28); R˜a1a2
I
J (6, 63), R˜a1a2
I1...I4(6, 70),
˜ˆ
Kab(10, 1), . . . (2.2.9)
The level one generators of equation (2.2.8) are identified with the underlying E11
algebra of equation (2.1.7) as follows
Rai1i2 = R˙ai1i2 , Raj8 =
2
7!
ǫi1...i7R˙
ai1...i7,j
Rai1i2 = −
2
5!
ǫi1i2j1...i5R˙
aj1...j5 , Rai8 = −K˙
a
i (2.2.10)
while for the level minus one generators the identification is given by
R˜ai1i2 = R˙ai1i2 , R˜aj8 =
2
7!
ǫi1...i7R˙ai1...i7,j
R˜ai1i2 = −
2
5!
ǫi1i2j1...i5R˙aj1...j5 , R˜a
i8 = K˙ia (2.2.11)
Using the above identifications and the E11 commutators given in appendix A one can
deduce that the commutators of the E11 algebra when written in terms of theGL(4)⊗SL(8)
decomposition, that is, as given in equations (2.2.8) and (2.2.9). The commutators with
the SL(8) generators of E7 are given by
[KIJ , R
aK1K2 ] = 2δ
[K1|
J R
aI|K2]−
1
4
δIJR
aK1K2 [KIJ , R
a
K1K2 ] = −2δ
I
[K1|
RaJ|K2]+
1
4
δIJR
a
K1K2
(2.2.12)
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together with analogous result for the other generators. The commutators with the RI1...I4
generators of E7 are
[RI1...I4 , RaJ1J2 ] =
1
4!
ǫI1...I4J1J2K1K2RaK1K2 [R
I1...I4 , RaJ1J2 ] = δ
[I1I2
J1J2
RaI3I4]
[RI1...I4 , Ra1a2JK ] = −4δ
[I1|
K R
a1a2J|I2I3I4] +
1
2
δJKR
a1a2I1...I4 ,
[RI1...I4 , R˜a1a2
J
K ] = 4δ
K
[I1|
R˜a1a2J|I2I3I4] −
1
2
δJKR˜a1a2I1...I4 ,
[RI1...I4 , Ra1a2J1...J4]] =
1
36
ǫI1...I4L[J1J2J3|Ra1a2|J4]L = −
1
36
ǫJ1...J4L[I1I2I3|Ra1a2|I4]L
[RI1...I4 , R˜a1a2J1...J4]] = −
2
3
δ
[I1I2I3
[J1J2J3
R˜a1a2
I4]
J4] (2.2.13)
The commutators of the level one generators with themselves are given by
[RaI1I2 , RbI3I4 ] = −12RabI1···I4 , [RaI1I2 , RbJ1J2 ] = +4δ
[I1
[J1
R|ab|I2J2] + 2δ
I1I2
J1J2
Kˆab
[RaI1I2 , R
b
J1J2
] =
1
2
ǫI1I2J1J2K1...K4R
a1a2K1...K4 = 12 ⋆ Ra1a2 I1I2J1J2 (2.2.14)
where ⋆Ra1a2I1...I4 =
1
4!ǫI1...I4J1...J4R
a1a2J1...J4 . While the equivalent commutators for the
level minus one generators with themselves are given by
[R˜aI1I2 , R˜bJ1J2 ] = −12 ⋆ R˜abI1I2J1J2 , [R˜aI1I2 , R˜b
J1J2 ] = +4δ
[J1
[I1
R˜ab
J2]
I2] + 2δ
J1J2
I1I2
˜ˆ
Kab
[R˜I1I2a , R˜b
J1J2 ] = 12R˜ab
I1I2J1J2 (2.2.15)
The commutators between the level one and minus one generators are given by
[RaI1I2 , R˜bJ1J2 ] = 2δ
I1I2
J1J2
Kab + 4δ
a
b δ
[I1
[J1
KI2]J2] − δ
a
b δ
I1I2
J1J2
4∑
c=1
Kcc
[RaI1I2 , R˜b
J1J2 ] = −12δabR
I1I2J1J2 , [RaI1I2 , R˜bJ1J2 ] = 12δ
a
b ⋆ RI1I2J1J2
[RaI1I2 , R˜b
J1J2 ] = −2δJ1J2I1I2 K
a
b + 4δ
a
b δ
[J1
[I1
KJ2]I2] + δ
a
b δ
J1J2
I1I2
4∑
c=1
Kcc (2.2.16)
Finally we list the commutators between the level two and minus one generators.
[RabIJ , R˜cK1K2 ] = −4δ
[a
c δ
I
[K1|
Rb]J|K2] +
1
2
δ[a|c δ
I
JR
|b]
K1K2 ,
[RabIJ , R˜c
K1K2 ] = 4δ[ac δ
[K1|
J R
b]I|K2] −
1
2
δ[a|c δ
I
JR
|b]K1K2
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[RabI1···I4 , R˜cK1K2 ] = 2δ
[a|
c δ
[I1I2
K1K2
R|b]I3I4], [RabI1···I4 , R˜c
K1K2 ] =
1
12
ǫI1···I4K1K2J1J2δ[ac R
b]
J1J2
[Kˆab, R˜cJ1J2 ] = −δ
[a|
c R
|b]
J1J2 , [Kˆ
ab, R˜c
J1J2 ] = −δ[a|c R
|b]J1J2 (2.2.17)
and the level minus two and one generators
[R˜ab
I
J , R
cK1K2 ] = −4δ
[c
[aδ
[K1|
[J| R˜b]
I|K2] +
1
2
δc[a|δ
I
J R˜|b]
K1K2
[R˜ab
I
J , R
c
K1K2 ] = 4δ
c
[a|δ
I
[K1|
R˜b]|J|K2] −
1
2
δc[a|δ
I
J R˜|b]K1K2
[R˜ab
I1···I4 , RcK1K2 ] = 2δ
c
[a|δ
[I1I2
K1K2
R˜|b]
I3I4]
[ R˜ab
I1···I4 , RcK1K2 ] =
2
4!
ǫI1···I4K1K2J1J2δc[aR˜b]J1J2
[
˜ˆ
Kab, R
c
J1J2 ] = −δ
c
[a|R˜|b]J1J2 , [
˜ˆ
Kab, R
cJ1J2 ] = −δc[a|R˜|b]
J1J2 (2.2.18)
The identification with the level two generators given in equation (2.2.8) in the eleven
dimensional formulation of E11 is given by
Ra1a2i8 = R˙
a1a2i, Ra1a2ij =
2
6!
ǫjl1...l6R˙
a1a2l1...l6,i −
δij
2.6!
ǫl1...l7R˙
a1a2l1...l6,l7
Ra1a28j =
d1
7!
ǫl1...l7R˙
a1a2l1...l7
,j , R
a1a2i1...i4 = −
1
2.3
R˙a1a2i1...i4 ,
Ra1a2i1i2i38 = −
d2
7!
ǫl1...l7R˙
a1a2l1...l7,i1i2i3 , Kˆab =
2
7
ǫl1...l7R˙
(a|l1...l7,|b) (2.2.19)
The constants d1 and d2 are yet to be fixed but they are not needed for the derivation of
the above commutators. We note that Ra1a288 = −
∑
kR
a1a2k
k
We now write the l1 representation in terms of SL(8) representations using similar
techniques. In terms of these representations equation (2.12) can be written as
Pa(4, 1);Z
IJ(1, 28), ZIJ(1, 2¯8), . . . (2.2.20)
The identification with the SL(7) representations of equation (2.1.7) is given by
Zij = Z˙ij , Zj8 =
1
3.7!
ǫi1···i7Z˙
i1···i7,j ,
Zi1i2 =
1
5!
ǫi1i2j1···j5Z˙
j1···j5 , Zi8 = Pi (2.2.21)
Using these identifications and the commutators of appendix A we find the commutation
relations with the generators of E7 are given by
[RI1···I4 , ZJ1J2 ] =
1
4!
ǫI1···I4J1J2K1K2ZK1K2 , [R
I1···I4 , ZJ1J2 ] = δ
[I1I2
J1J2
ZI3I4]
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[KIJ , Z
L1L2 ] = δL1J Z
IL2 − δL2J Z
IL1 −
1
4
δIJZ
L1L2 , [KIJ , Pa] = 0
[KIJ , ZL1L2 ] = −δ
I
L1
ZJL2 + δ
I
L2
ZJL1 +
1
4
δIJZL1L2 (2.2.22)
Their commutators with the level one E11 generators are given by
[RaI1I2 , Pb] = δ
a
bZ
I1I2 , [RaI1I2 , Pb] = δ
a
bZI1I2 (2.2.23)
and with those at level minus one by
[R˜aI1I2 , Z
J1J2 ] = 2δI1I2J1J2Pa, [R˜aI1I2 , ZJ1J2 ] = 0, [R˜aI1I2 , Pa] = 0
[R˜a
I1I2 , ZJ1J2 ] = 0, [R˜a
I1I2 , ZJ1J2 ] = −2δ
J1J2
I1I2
Pa, [R˜a
I1I2 , Pa] = 0 (2.2.24)
2.3 The Cartan involution invariant subalgebra of E11 in four dimensions
In the last section we found the E11 algebra and the l1 representations in terms of
GL(4) ⊗ SL(8) representations. We now use this result to find the Cartan involution
invariant subalgebra of E11 denoted Ic(E11). A discussion of the Cartan involution can
be found in earlier papers on E11 or in the book [17]. The first step is to find the Cartan
involutions invariant subalgebra of E7. In terms of the SL(8) formulation of the E11 algebra
of equation (2.2.8), the Cartan involution, denoted by Ic (I
2
c = I), acts on the level zero
generators as
Ic(K
I
J ) = −K
J
I , Ic(R
I1...I4) = − ⋆ RI1...I4 ≡ −
1
4!
ǫI1...I4J1...J4RJ1...J4 , (2.3.1)
on the level one generators as
Ic(R
aIaI2) = −R˜aI1I2 , Ic(R
a
I1I2) = R˜a
I1I2 (2.3.2)
and on the level two generators as
Ic(R
a1a2I
J) = −R˜a1a2
J
I , Ic(R
a1a2I1···I4) = ⋆R˜a1a2
I1···I4 , Ic(Kˆ
ab) = −
˜ˆ
Kab (2.3.3)
One way to find these results is to use the identifications with the generators of the
eleven dimensional theory, given in the previous section, and the known action of the
Cartan involution on the generators. In particular, we have that
Ic(K
aˆ
bˆ
) = −K bˆ aˆ, Ic(R
aˆ1aˆ2aˆ3) = −Raˆ1aˆ2aˆ3 ,
Ic(R
aˆ1...aˆ6) = Raˆ1...aˆ6 , Ic(R
aˆ1...aˆ8,bˆ) = −R
aˆ1...aˆ8,bˆ
The positive sign in the third equation may seem incongruous, but it depends how one
defines the generator Raˆ1...aˆ6 and the original papers made an unforutnate choice that we
are now stuck with. For example, using equation (2.2.11) we find that
Ic(R
ai1i2) = Ic(R˙
ai1i2) = −R˙ai1i2 = −R˜ai1i2 (2.3.4)
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or, using equation (2.2.4), we find that
Ic(R
i1i2i38) = Ic(
1
12
R˙i1i2i3) = −
1
12
R˙i1i2i3 = −
1
4!
ǫi1i2i3j1···j4R
j1j2j3j4 = − ⋆ Ri1i2i38
At level zero the Cartan involution invariant subalgebra contains the generators
JIJ = K
I
J −K
J
I , and S
I1...I4 = RI1...I4 − ⋆RI1...I4 (2.3.5)
as well as the four dimensional Lorentz generators
Jab = K
a
b −K
b
a (2.3.6)
We note that ⋆SI1...I4 = −SI1...I4 . The generators of equation (2.3.5) obey the algebra
[SI1···I4 , SJ1···J4 ] = −6δ
[I1···I3
[J1···J3
JI4]J4] +
1
4
ǫI1···I4L[J1J2J3JJ4]L (2.3.7)
as well as the commutation relations with JIJ , which generate SO(8), and act on other
generators in the expected way, for example
[JIJ , S
K1...K4 ] = 4δ
[K1
J R
|I|K2K3K4] − 4δ
[K1
I R
|J|K2K3K4] (2.3.8)
These commutators of equation (2.3.7) and (2.3.8) are those of SU(8). This is to be
expected as SU(8) is well known to be the Cartan involution invariant subalgebra of E7.
At level plus and minus one the invariant generators are given by
SaI1I2 = RaI1I2 − R˜aI1I2 , and Sˆ
a
I1I2 = R
a
I1I2 + R˜a
I1I2 (2.3.9)
These 56 generators must transforms as the 28+ 2¯8-dimensional representations of SU(8).
However, the above generators mix under the SU(8) commutators and the combinations
that transform independently, that is, irreducibly, are given by
SaI1I2± = S
aI1I2 ± iSˆaI1I2 (2.3.10)
Indeed we find that
[SI1···I4 , SaJ1J2± ] = ∓
i
4!
ǫI1···I4J1J2K1K2Sa±K1K2 ± iδ
[I1I2
J1J2
Sa±
I3I4] (2.3.11)
The Cartan involution invariant generators at level plus and minus two are
Sa1a2IJ = R
a1a2I
J−R˜a1a2
J
I , S
a1a2I1···I4 = Ra1a2I1···I4+⋆R˜a1a2
I1···I4 , Sab = Kˆab− ˜ˆKab
(2.3.12)
We note that Sa1a2KK = 0, but otherwise this object has no particular symmetry. Simi-
larly, unlike SI1···I4 , which is anti-self dual Sa1a2I1···I4 is neither self-dual or anti-self dual.
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Their commutators with the SO(8) generators is as one expects and those with the re-
maining SU(8) generators are given by
[SI1...I4 , Sa1a2S
J
K ] = − 2δ
[I1|
K S
a1a2
+
J|I2I3I4] − 2δ[I1|J S
a1a2
+
K|I2I3I4] +
1
2
δJKS
a1a2
+
I1I2I3I4]
[SI1...I4 , Sa1a2A
J
K ] = − 2δ
[I1|
K S
a1a2
−
J|I2I3I4] + 2δ
[I1|
J S
a1a2
−
K|I2I3I4]
[SI1...I4 , Sa1a2+
J1...J4 ] =
4
3
δ
[J1J2J3|
[I1I2I3
Sa1a2S
|J4]
I4] +
1
18
ǫI1...I4L[J1J2J3|Sa1a2S
|J4]
L
[SI1...I4 , Sa1a2−
J1...J4 ] =
4
3
δ
[J1J2J3|
[I1I2I3
Sa1a2A
|J4]
I4] +
1
18
ǫI1...I4L[J1J2J3|Sa1a2A
|J4]
L (2.3.13)
where
SabS
I
J =
1
2
(SabIJ + S
abJ
I), S
ab
A
I
J =
1
2
(SabIJ − S
abJ
I),
Sab±
I1I2I3I4 = SabI1I2I3I4 ± ⋆SabI1I2I3I4 (2.3.14)
We can interpret these equations as meaning that Sa1a2+
J1...J4 and Sa1a2S
J
K form the 35 +
35 = 70-dimensional representations of SU(8) while Sa1a2−
J1...J4 and Sa1a2A
J
K form the
35 + 28 = 63-dimensional representations of SU(8).We recall that these generators belong
to the 133-dimensional representation of E7. In fact the last term on the right-hand side of
the last commutator in equation (2.3.13) is zero as L = J4 and the object is antisymmetric.
The commutators of the Cartan involution invariant generators of equation (2.3.10)
must give those of equations (2.3.5) and (2.3.12) and using the commutators of section
(2.2) we find that
[SaI1I2± , S
b
±
J1J2 ] = −12Sab+
I1I2J1J2 ± 8iδ[I1[J1S
ab
S
I2]
J2]
[SaI1I2± , S
b
∓
J1J2 ] = −12Sab−
I1I2J1J2 − 8δbaδ
[I1
[J1
JI2]J2] − 4δ
I1I2
J1J2
Jab
∓8iδ[I1[J1S
ab
A
I2]
J2] ∓ 4iδ
I1I2
J1J2
Sab ± 24iδbaS
I1I2J1J2 (2.3.15)
While the commutators of the generators of equation (2.3.10) and those of equation
(2.3.12), but keeping only those generators of levels plus and minus one, are given by
[SaI1I2± , S
b1b2
S
J
K ] = ∓4iδ
[b1
a δ
(K|
[I1
S
|b2]
∓ |J)|I2] ±
i
2
δJKδ
[b1
a S
b2]
∓ I1I2 ,
[SaI1I2± , S
b1b2
A
J
K ] = ±4iδ
[b1
a δ
[J|
[I1
S
|b2]
± |K]|I2], (2.3.16)
[SaI1I2± , S
b1b2
+
J1...J4 ] = 2δ[b1a {δ
[J1J2|
I1I2
S
|b2]
∓
|J3J4] +
1
4!
ǫJ1...J4I1I2K1K2S
|b2]
∓ K1K2}
[SaI1I2± , T
b1b2
−
J1...J4 ] = 2δ[b1a {δ
[J1J2|
I1I2
S
|b2]
±
|J3J4] −
1
4!
ǫJ1...J4I1I2K1K2S
|b2]
± K1K2}
[SaI1I2± , Tˆ
b1b2 ] = ±iδ[b1a T
b2]I1I2
± (2.3.17)
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The full commutators would contain in addition generators at level plus and minus three
which are beyond the level we are keeping.
Finally we give the transformations of the l1 representation under the Cartan involu-
tion invariant subalgebra. Rather than work with ZI1I2 and ZI1I2 we will work with the
irreducible representations of SU(8) which are given by
X±
I1I2 = ZI1I2 ± iZI1I2 (2.3.18)
Using equation (2.2.22) we find that their commutators with the generators of SU(8) are
given by
[SI1...I4 , X±
J1J2 ] = ±iδ
[I1I2
[J1J2|
X±
I3I4]]∓
1
4!
ǫI1...I4J1J2K1K2X±
K1K2 (2.3.19)
that is, as the 28 + 2¯8 of SU(8) should.
Using equations (2.2.23) and (2.2.24) we also find that
[Sa±
I1I2 , Pb] = δ
a
bX±
I1I2 , [Sa±
I1I2 , Xa±
J1J2 ] = 0, [Sa±
I1I2 , Xa∓
J1J2 ] = −4δI1I2J1J2Pa
(2.3.20)
2.4 The decomposition of E11 into representations of its Cartan invariant
subalgebra
The generators of the E11 algebra can be split into those that are invariant under the
Cartan involution and those that transform with a minus sign. The former are those in
the Cartan involution invariant algebra Ic(E11) given in the previous section. The latter
are sometimes called the coset generators and are the subject of this section. Clearly,
the commutator of two elements of Ic(E11) gives a result in Ic(E11). Furthermore if
S ∈ Ic(E11) and T is a coset generator, that is Ic(T ) = −T , then their commutator [S, T ]
is also a coset generator since Ic([S, T ]) = [Ic(S), Ic(T )] = −[S, T ]. As a result, the coset
generators belong to a representations of Ic(E11). In this section we find the commutators
of the coset generators with those of Ic(E11). Put another way we wish to decompose
the adjoint representation of E11 into representations of Ic(E11). In the next section we
will use these commutation relations to deduce the crucial field variations under which the
theory must be invariant.
Using equation (2.3.1) we find that the level zero the coset generators are given by
T I1···I4 = RI1···I4 + ⋆RI1···I4 , T I1I2 = K
I1
I2 +K
I2
I1 , (2.4.1)
We note that
∑
L T
L
L = 0 and ⋆T
I1···I4 = T I1···I4 . Their commutators with the generators
of SO(8) are obvious and those with the remaining generators of SU(8) are given by
[SI1···I4 , T JK ] = −4{δ
[I1
K T
|J|I2...I4] −
1
4!
ǫI1···I4KL1L2L3T
JL1L2L3}+ (K ↔ J)
= {−8δ
[I1
K T
|J|I2...I4] + δJKT
I1I2...I4}+ (K ↔ J) (2.4.2)
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and
[SI1···I4 , T J1...J4 ] = 6δ
[I1I2I3
[J1J2J3
T I4]J4] +
1
4
ǫI1...I4L[J1J2J3T J4]L (2.4.3)
The generators of equation (2.4.1) belong to the 70-dimensional representations of SU(8).
The coset generators formed from the level one and minus one generators are given
by
T aI1I2 = RaI1I2 + R˜aI1I2 , Tˆ
a
I1I2
= RaI1I2 − R˜a
I1I2 (2.4.4)
As for the analogous objects in the Cartan involution invariant subalgebra, these two
objects transform into each other under SU(8) and so we define instead the generators
T a±
I1I2 = T aI1I2 ± iTˆ aI1I2 (2.4.5)
Their commutators with the generators of SU(8) are given by
[SI1···I4 , T a±
J1J2 ] = ∓
i
4!
ǫI1···I4J1J2K1K2T a±K1K2 ± iδ
J1J2
[I1I2
T a±I3I4] (2.4.6)
and we recognise that they belong to the 28 + 2¯8 representations of SU(8). We note
that the SU(8) representations do not emerge in the familiar form, for example the 63-
dimensional representation is usually carried by a traceless object with one up and one
down index whose ranges are one to eight; the count being 8.8− 1 = 63. However, in the
formulation we have in this paper it is instead carried by JIJ and S
I1...I4 ; the count being
8.7
2 +
8.7.6.5
2.4! = 63.
In previous papers we have labeled representations of SL(n) by giving the Dynkin
diagram with the n − 1 dots in a horizontal row labeled from 1 to n − 1 from left to
right and then taking the fundamental representation associated with node 1 to be the n¯
representation and carried by the tensor Ti, i = 1, 2, . . . , n while the fundamental repre-
sentation associated with node n− 1 to be the n representation and carried by the tensor
T i, i = 1, 2, . . . , n. The fundamental representation associated with node n − 2 is then
the n(n− 1) representation carried by the tensor T i1i2 = T [i1i2], etc. The use of over bars
also applies to the SL(n) Dynkin diagram when embedded into the En+1 Dynkin diagram,
for example the fundamental representation associated with node one of the E7 Dynkin
diagram is the 2¯7. However, given the unfamiliar way the SU(8) representations occur here
we take, by definition, T a+
I1I2 to be the 28-dimensional representation of SU(8).
The coset generators formed from the level two and minus two generators are given
by
T a1a2IJ = R
a1a2I
J+R˜a1a2
J
I , T
a1a2I1···I4 = Ra1a2I1···I4−⋆R˜a1a2
I1···I4 , Tˆ ab = Kˆab+
˜ˆ
Kab
(2.4.7)
We note that T a1a2KK = 0, but otherwise this object has no particular symmetry. Simi-
larly, T a1a2I1···I4 is neither self-dual or anti-self dual. Their commutators with the SO(8)
generators is as one expects and those with the remaining SU(8) generators are given by
[SI1...I4 , T a1a2S
J
K ] = − 2δ
[I1|
K T
a1a2
+
J|I2I3I4] − 2δ
[I1|
J T
a1a2
+
K|I2I3I4] +
1
2
δJKT
a1a2
+
I1I2I3I4]
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[SI1...I4 , T a1a2A
J
K ] = − 2δ
[I1|
K T
a1a2
−
J|I2I3I4] + 2δ
[I1|
J T
a1a2
−
K|I2I3I4]
[SI1...I4 , T a1a2+
J1...J4 ] =
4
3
δ
[J1J2J3|
[I1I2I3
T a1a2S
|J4]
I4] +
1
18
ǫI1...I4L[J1J2J3|T a1a2S
|J4]
L
[SI1...I4 , T a1a2−
J1...J4 ] =
4
3
δ
[J1J2J3|
[I1I2I3
T a1a2A
|J4]
I4] +
1
18
ǫI1...I4L[J1J2J3|T a1a2A
|J4]
L (2.4.8)
where
T abS
I
J =
1
2
(T abIJ + T
abJ
I), T
ab
A
I
J =
1
2
(T abIJ − T
abJ
I),
T ab±
I1I2I3I4 = T abI1I2I3I4 ± ⋆T abI1I2I3I4 (2.4.9)
We can interpret these equations as meaning that T a1a2+
J1...J4 and T a1a2S
J
K form the 35+
35 = 70-dimensional representations of SU(8) while T a1a2−
J1...J4 and T a1a2A
J
K form the
35 + 28 = 63-dimensional representations of SU(8).We recall that these generators belong
to the 133-dimensional representation of E7.
The Cartan involution invariant subalgebra Ic(E11) can be constructed from the multi-
ple commutators of the generators of SU(8) and the generators Sa±
I1I2 of equation (2.3.10).
As such to know the commutators of the coset generators with all of those of the Cartan
involution subalgebra it suffices to find the commutators of the coset generators with the
generators JIK , S
I1...I4 of SU(8) and Sa±
I1I2 . The former were given above and we now
give the commutators of the latter; the result with those of level zero of equation (2.4.1)
are given by
[SaI1I2± , T
J
K ] = −2δ
[I1
J T
a
∓
|K|I2] − 2δ
[I1
K T
a
∓
|J|I2], [SaI1I2± , T
b1b2 ] = −2δa(b1T
b2)
±
I1I2 ,
[SaI1I2± , T
J1...J4 ] = ∓iδ
[J1J2|
I1I2
T a∓
|J3J4] ∓
i
4!
ǫJ1...J4I1I2K1K2T a∓K1K2 (2.4.10)
with the coset generators of equation (2.4.4) by
[SaI1I2± , T
b
±
J1J2 ] = 12T ab+ I1I2J1J2 + 8δ
a
b δ
[I1
[J1
T I2]J2] ± 24iδ
a
bT
I1I2J1J2 ∓ 8iδ
[I1
[J1
T abS
I2]
J2]
[SaI1I2± , T
b
∓
J1J2 ] = 12T ab−
I1I2J1J2 + δI1I2J1J2(4T
ab − 2
∑
c
T cc)± 8iδ
[I1
[J1
T abA
I2]
J2] ∓ 4iδ
I1I2
J1J2
Tˆ ab
(2.4.11)
While the commutators of the generators of equation (2.4.9) with SaI1I2± , but keeping only
those generators of levels plus and minus one, are given by
[SaI1I2± , T
b1b2
S
J
K ] = ∓4iδ
[b1
a δ
(K|
[I1
T
|b2]
∓ |J)|I2] ±
i
2
δJKδ
[b1
a T
b2]
∓ I1I2 ,
[SaI1I2± , T
b1b2
A
J
K ] = ±4iδ
[b1
a δ
[J|
[I1
T
|b2]
± |K]|I2], (2.4.12)
[SaI1I2± , T
b1b2
+
J1...J4 ] = 2δ[b1a {δ
[J1J2|
I1I2
T
|b2]
∓
|J3J4] +
1
4!
ǫJ1...J4I1I2K1K2T
|b2]
∓ K1K2}
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[SaI1I2± , T
b1b2
−
J1...J4 ] = 2δ[b1a {δ
[J1J2|
I1I2
T
|b2]
±
|J3J4] −
1
4!
ǫJ1...J4I1I2K1K2T
|b2]
± K1K2}
[SaI1I2± , Tˆ
b1b2 ] = ±iδa(b1T b2)±
I1I2 (2.4.13)
Finally we give the transformations of the l1 representation under the Cartan involu-
tion invariant subalgebra. Rather than work with ZI1I2 and ZI11I2 we will work with the
irreducible representations of SU(8) which are given by
X±
I1I2 = ZI1I2 ± iZI1I2 (2.4.14)
Using equation (2.2.22) we find that their commutators with the generators of SU(8) are
given by
[SI1...I4 , X±
J1J2 ] = ±iδ
[I1I2
[J1J2|
X±
I3I4]]∓
1
4!
ǫI1...I4J1J2K1K2X±
K1K2 (2.4.15)
that is, as the 28 + 2¯8 of SU(8) should.
Using equations (2.2.23) and (2.2.24) we also find that
[Sa±
I1I2 , Pb] = δ
a
bX±
I1I2 , [Sa±
I1I2 , Xa±
J1J2 ] = 0, [Sa±
I1I2 , Xa∓
J1J2 ] = −4δI1I2J1J2Pa
(2.4.16)
3 The Cartan forms and generalised vielbein
We can finally construct the building blocks of the non-linear realisation of E11 ⊗s l1
appropriate to four dimensions, meaning the semi-direct product algebra constructed from
E11 and its l1 representations l1. In this construction the commutators of the generators
of E11 with themselves are just those of E11. The commutators of generators of E11
with those in the l1 representations result in generators in the l1 representation and the
Jacobi identities then imply that the structure constants are just the matrices of the l1
representation. Clearly one can carry out this construction for any group and one of
its representations. Physicists are very familiar with semi-direct product algebras as the
Poincare´ algebra is the semi-direct product of the translations and the Lorentz group. We
take the generators of the l1 to commute, but more sophisticated commutators are possible.
We begin with a generic group element g ∈ E11 ⊗s l1 which can be written as
g = glgE (3.1)
where
gE = g−1g−2 . . . g0 . . . g2g1 (3.2)
where gn contains level n generators; those with positive level are given by
g0 = e
ha
bKabeφ
I
JR
J
IeφI1...I4R
I1...I4
≡ ghgφ, g1 = e
AaI1I2R
aI1I2+Aa
I1I2RaI1I2 ,
g2 = e
hˆabKˆ
ab
eAa1a2
I
JR
a1a2J
IeAa1a2 I1...I4R
a1a2 I1...I4
(3.3)
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In this and the next equation we have used the generators in their SL(8) basis. The group
element formed from the generators of the l1 representations is given by
gl = e
xaPaexI1I2Z
I1I2
ex
I1I2ZI1I2 exˆaZ
a
exa
I
JZ
aJ
IexaI1...I4Z
aI1...I4
. . . = ez
ALA (3.4)
where we have denoted the generalised coordinates by zA and the generators of the l1
representation by lA. Thus the non-linear realisation introduces a generalised space-time
with the coordinates
xa, xI1I2 , x
I1I2 , xˆa, xa
I
J , xaI1...I4 , . . . (3.5)
The fields that occur in the group element gE are taken to depend on the generalised
space-time that is the coordinates of equation (3.5).
The non-linear realisation is by definition just a set of dynamical equations, or La-
grangian, that is invariant under the transformations
g → g0g, g0 ∈ E11 ⊗s l1, as well as g → gh, h ∈ Ic(E11) (3.6)
The group element g0 is a rigid transformation, that is a constant, while h is a local
transformation, that is it depends on the generalised space-time. As the generators in gl
form a representation of E11 the above transformations for g0 ∈ E11 can be written as
gl → g0glg
−1
0 , gE → g0gE and gE → gEh (3.7)
As a consequence the coordinates are inert under the local transformations but transform
under the rigid transformations as
zALA → g0z
ALAg
−1
0 = z
ΠD(g−10 )Π
ALA (3.8)
Using the local transformation we may bring gE into the form
gE = g0 . . . g2g1 (3.9)
Thus the theory contains the graviton field ha
b, associated with the generators Kab of
GL(4), the 70 scalars φIJ , φI1...I4 , associated with the generators K
I
J and R
I1...I4 respec-
tively, as well as the gauge fields AaI1I2 , Aa
I1I2 , Aa1a2
I
J and Aa1a2 I1...I4 , associated with
the level one and two generators, and in addition at level two we have the field hˆab corre-
sponding to the generator Kˆab which is the dual field of gravity [10]. The parameterisation
of the group element differs from that used in some earlier works on E11, but this does not
affect any physical results.
As explained in the introduction, the l1 representation contains all the brane charges
and as it also leads to the generalised space-time there is a one to one relation between the
brane charges and the coordinates of the generalised space-time. Furthermore, for every
field in E11 there is a corresponding element in the l1 representation. As such for every
field there is an associated coordinate in the generalised space-time and an associated
brane. For example, the metric ha
b corresponds to the space-time translations, that is
the charge Pa, which is carried by the point particle, or pp-wave, and has associated
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coordinate xa, the dual graviton hˆab corresponds to the charge Zˆ
a, which is carried by the
Taub-NUT solution, and has associated coordinate xˆa, the gauge fields AaI1I2 and Aa
I1I2
corresponds to the brane charges ZI1I2 and ZI1I2 , which are the sources for corresponding
brane solutions, and the associated coordinates are xI1I2 and x
I1I2 .
The dynamics is usually constructed from the Cartan forms V = g−1dg as these are
obviously inert under the E11 rigid transformations of equation (3.5) and only transform
under the local transformations as
V → h−1Vh+ h−1dh (3.10)
Hence if we use the Cartan forms, the problem of finding a set of field equations which
are invariant under equation (3.6) reduces to finding a set that is invariant under the local
subalgebra Ic(E11), that is the local transformations also given in equation (3.6) and so
equation (3.10).
The Cartan forms can be written as
V = VE + Vl (3.11)
where
VE = g
−1
E dgE and Vl = g
−1
E (g
−1
l dgl)gE (3.12)
The first part VE is just the Cartan form for E11 while Vl is a sum of generators in the l1
representation. Both VE and Vl are invariant under rigid transformations and under local
transformations they change as
VE → h
−1VEh+ h
−1dh and Vl → h
−1Vlh (3.13)
Let us evaluate the E11 part of the Cartan form
VE = dz
ΠGΠ,•R
• = Ga
bKab + Ω
I
JK
J
I +ΩI1...I4R
I1...I4
+GaI1I2R
aI1I2 +Ga
I1I2RaI1I2
+GˆabKˆ
ab +Ga1a2
I
JR
a1a2J
I +Ga1a2I1...I4R
a1a2I1...I4 + . . . (3.14)
where • denotes the indices on the generators of E11. Explicitly one finds that
Ga
b = (e−1de)a
b, Gφ = g
−1
φ dgφ ≡ Ω
J
IK
I
J +ΩI1...I4R
I1...I4
GaI1I2 = D˜AaI1I2 , Ga
I1I2 = D˜Aa
I1I2 ,
Ga1a2
I
J = D˜Aa1a2
I
J − 2A[a1|LJD˜A|a2]
LI − 2A[a1|
LID˜A|a2]LJ
Ga1a2I1...I4 = D˜Aa1a2 I1...I4 + 6A[a1|I1I2D˜A|a2]I3I4] −
1
4
ǫI1...I4J1...J4A[a1|
J1J2D˜A|a2]
J3J4
Gˆab = D˜hˆab − A(a1|I1I2D˜A|a2)
I2I3 + A(a1|
I1I2D˜A|a2)I2I3 (3.15)
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where eµ
a ≡ (eh)µ
a and
D˜AaI1I2 ≡ dAaI1I2 + (e
−1de)a
bAbI1I2 + 2Ω
J
[I1|AaJ|I2] +ΩI1...I4Aa
I3I4 ,
D˜Aa
I1I2 ≡ dAaI1I2 + (e
−1de)a
bAb
I1I2 − 2Ω[I1|JAa
J|I2] − ΩI1I2J1J2Aa
J1J2 (3.16)
with analogous expressions for other quantities.
Let us now evaluate the part of the Cartan form in equation (3.11) containing the
generators of the l1 representation; we may write it as
Vl = g
−1dg = dzΠEΠ
ALA
= g−1E (dx
aPa+dxI1I2Z
I1I2 +dxI1I2ZI1I2 +Z
adxˆa+xa
I
JZ
aJ
I +dxaI1...I4Z
aI1...I4 + . . .)gE
= EaPa + EI1I2Z
I1I2 + EI1I2ZI1I2 + . . . (3.17)
where EA = dzΠEΠ
A. Using equations (2.2.22-24) we find that EΠ
A, viewed as a matrix,
is given at low orders by
E =


(dete)−
1
2 eµ
a −(dete)−
1
2 eµ
cAcJ1J2 −(dete)
− 1
2 eµ
cAc
J1J2
0 N I1I2J1J2 N
I1I2J1J2
0 NI1I2J1J2 NI1I2
J1J2

 (3.18)
The matrixN is the vielbein in the scalar sector, that is g−1φ (dxI1I2Z
I1I2+dxI1I2ZI1I2)gφ ≡
dx · N · l. This illustrates the fact that the non-linear realisation leads to a generalised
space-time with a generalised tangent space, which for the four dimensional theory consists
of the usual tangent space of four-dimensional space-time, a 56-dimensional tangent space
and then higher level tangent spaces. The tangent space can be read off from the l1
representation in an obvious way. The tangent space group is Ic(E11). At lowest level
in four dimensions the tangent space group is SO(4) ⊗ SU(8) and the tangent vectors
transform, at lowest level, in the 4 representation of of SO(4) and the 28+2¯8 representations
of SU(8). It will prove advantageous to express the tangent space in terms of objects that
transform into themselves, that is, identify precisely, the 28 and 2¯8 of SU(8). To this end
we can rewrite Vl at lowest order as
EaPa + EI1I2Z
I1I2 + EI1I2ZI1I2 = E
aPa + E+I1I2X+
I1I2 + E−
I1I2X−I1I2 (3.19)
using the generators of equation (2.4.14). Comparing terms we find that
E±I1I2 =
1
2
(EI1I2 ∓ iE
I1I2) (3.20)
As we see, the non-linear realisation E11⊗s l1 automatically encodes a generalised geometry
equipped with a generalised vielbein which will be given explicitly at low levels shortly.
Our task is to find a set of dynamics which is invariant under the rigid and local
transformations of equation (3.7) and with this in mind we now consider in more detail
the transformations of the two parts of the Cartan form beginning with the E11 part,
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VE . As noted above the Cartan forms only transform under local Ic(E11) transformations.
It is useful to introduce the operation g∗ = (Ic(g))
−1 on the group. While Ic is an
automorphism, i.e. on two group elements Ic(g1g2) = Ic(g1)Ic(g2), the action of ∗ reverses
the order, that is (g1g2)
∗ = (g2)
∗(g1)
∗. The action of ∗ on the algebra is given by A∗ =
−Ic(A) and (AB)∗ = B∗A∗. A group element belonging to Ic(E11) obeys h∗ = h−1 and
the two transformations of equation (3.7) imply that g∗ → h−1g∗(g0)∗. We write the
Cartan forms VE as
VE = P +Q, where P =
1
2
(VE + V
∗
E), Q =
1
2
(VE − V
∗
E) (3.21)
and then the transformations of equation (3.13) become
P → h−1Ph, Q→ h−1Qh+ h−1dh (3.22)
Examining equation (3.14) we find that
2P = GbaT
a
b + Ω
J
IT
I
J + ΩI1...I4T
I1...I4 +GaI1I2T
aI1I2 +Ga
I1I2T aI1I2
+GˆabTˆ
ab +Ga1a2
I
JR
a1a2J
I +Ga1a2I1...I4T
a1a2I1...I4 + . . .
= GbaT
a
b + Ω
J
IT
I
J + ΩI1...I4T
I1...I4 +Ga+I1I2T
a
+
I1I2 +Ga−I1I2T
a
−
I1I2
+GˆabTˆ
ab +Ga1a2S
I
JT
a1a2
S
J
I +Ga1a2A
I
JT
a1a2
A
J
I
+Ga1a2+I1...I4T
a1a2
+
I1...I4 +Ga1a2−I1...I4T
a1a2
−
I1...I4 + . . . (3.23)
and
2Q = Ga
bJab + Ω
J
IJ
I
J +ΩI1...I4S
I1...I4 +GaI1I2S
aI1I2 +Ga
I1I2SaI1I2
+GˆabSˆ
ab +Ga1a2
I
JS
a1a2J
I +Ga1a2I1...I4S
a1a2I1...I4 + . . . (3.24)
Where in the first line we have used the generators of equations (2.4.1), (2.4.4) (2.4.7)
and in the second line the generators of equations (2.4.5) and (2.4.9) which transform
as irreducible representation under SU(8). The Cartan forms inherit the properties of
the generators from which they arise; for example Ga1a2+I1...I4 and Ga1a2−I1...I4 are self
dualand anti-self dual. We note that except for the level zero generators the connection Q
contains the same objects as the covariant quantity P .
Taking h = 1 − Λa+I1I2S
a
+
I1I2 − Λa−I1I2S
a
−
I1I2 , the local transformations of P of
equation (3.23) implies, using the equations of section four that
δGJK =
∑
±
(4Λa±LKGa±L
J + 4Λa±LJGa±L
K − δJKΛa±LMGa±L
M ),
δGI1I2I3I4 = 12i
∑
±
±(Λa±[I1I2||Ga±|I3I4] +
1
4!
ǫI1...I4
J1...J4Λa±J1J2Ga±J3J4)
δGa1a2 =
∑
±
(4Λ(a1|±I1I2G|a2)∓I1I2 − 2δa1a2Λb±I1I2Gb∓I1I2)
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δGa±I1I2 = ±2iΛa∓J1J2G
I1I2J1J2 + 4Λa∓J [I1GI2]
J + 4Λb∓J1J2G
b
a+J1J2I1I2
+4Λb±J1J2G
b
a−J1J2I1I2 ± 4iΛb∓J [I1G
b
aS
J
|I2] ∓ 4iΛb±J [I1G
b
aA|I2]
J
+Λb±I1I2(±iGˆ
b
a − 2G
b
a)
δGa1a2−I1...I4 = 6
∑
±
(Λ[a1|±[I1I2|G|a2]|∓|I3I4] −
1
4!
ǫI1...I4
J1...J4Λ[a1|±J1J2G|a2]|∓J3J4),
δGa1a2+I1...I4 = 6
∑
±
(Λ[a1|±[I1I2|G|a2]|±|I3I4] +
1
4!
ǫI1...I4
J1...J4Λ[a1|±J1J2G|a2]|±J3J4
δGa1a2S
J
K =
∑
±
∓ 8iΛ[a1|±L(K|G|a2]±L
|J) ± iδJKΛ[a1|±LMG|a2]±L
M ,
δGa1a2A
J
K =
∑
±
± 8iΛ[a1|±L[K|G|a2]∓L
|J ]
δGˆa1a2 =
∑
±
∓ 4iΛ(a1|±J1J2G|a2)∓J1J2 (3.25)
Let us now turn our attention to the transformation of the part of the Cartan form
in the direction of the l1 representation, that is Vl. At lowest level, the transformation of
equation (3.13) implies, using equation (3.17) that
EΠ
A′ = EΠ
BD(h)B
A, and for the inverse (E−1)A
Π′ = D(h−1)A
B(E−1)B
Π (3.26)
if we define h−1LAh = D(h)A
BLB. At lowest levels this implies the local transforms
δEΠ
a = −4EΠ
−
I1I2Λa+
I1I2 − 4EΠ
+
I1I2Λa−I1I2 , δE
±
Π I1I2 = Λa±I1I2EΠ
b, . . .
δ(E−1)a
Π = −Λa+I1I2(E
−1
+ )I1I2
Π − Λa−I1I2(E
−1
− )I1I2
Π
δ(E−1± )
I1I2Π = 4Λa∓I1I2(E
−1)b
Π, . . . (3.27)
In the above we have written the Cartan forms as forms and were we to write them
out explicitly we would write VE as dzΠGΠ,•R•, where • denotes a generic E11 index,
and Vl as dzΠEΠAlA. Put another way we have suppressed their world index Π. Even
though the Cartan forms are invariant under the rigid transformations, EΠ
A and GΠ,•
are not as the transformation of zΠ of equation (3.8) implies a corresponding inverse
transformation acting on the Π index of these two objects. Thus EΠ
A transforms under
a local transformation on its A index and by the inverse of the coordinate transformation
on its Π index. As such we can think of it as a generalised vielbein. We can rewrite the
Cartan form of E11 ⊗s l1 as
V = g−1dg = dzΠEΠ
A(LA +GA,∗R
∗) (3.28)
where GA,• = (E
−1)A
ΠGΠ,•. At low levels (E
−1)A
Π is the inverse of the matrix of equation
(3.19). Clearly GA,• is inert under rigid transformations, but it transforms under local
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transformations as in equation (3.25) on its • index and as the inverse generalised vielbein
on its A index, that is as in equation (3.27). The latter transformation can be written as
δGa,• = −Λa+I1I2G+I1I2 ,• − Λa−I1I2G−I1I2 ,•, δG±I1I2 ,• = 4Λb∓I1I2Gb,•, . . . (3.29)
Of course, the full local transformation is the sum of that given in equations (3.27) and
(3.29).
The SU(8) variations of the Cartan forms is given on their E11 index by taking h =
1− ΛI1...I4RI1...I4 in equation (3.10) and using equations (2.42), (2.43), (2.46) and (2.48);
the result is
δG⋄,
I
J = 6ΛK1...K3JG⋄,
K1...K3I+6ΛK1...K3IG⋄,
K1...K3J , δG⋄,
J1...J4 = −16G⋄,
K
[J1|ΛK|J1...J4]
δG⋄,±aI1I2 = ±2iΛJ1J2I1I2G⋄,±aJ1J2
δG⋄,a1a2S
I
J = −
8
3
Λ(I|K1K2K3G⋄,a1a2+K1K2K3|J)
δG⋄,a1a2A
I
J = −
8
3
Λ[I|K1K2K3G⋄,a1a2−K1K2K3|J ]
δG⋄,a1a2+
I1...I4 = −4Λ[I1I2I3|KG⋄,a1a2S
K
|I4]
δG⋄,a1a2−
I1...I4 = −4Λ[I1I2I3|KG⋄,a1a2A
K
|I4] (3.30)
While the Cartan forms transform under SU(8) on their l1, or A index as follows
δG±I1I2 ,• = ∓2iΛI1I2J1J2G±J1J2 ,• (3.31)
4 The equations of motion
In this section we will construct the invariant equations of motion using the variations
found in the last section. We found at the end of section three that the Cartan forms
referred to the tangent space, see equation (3.28), are inert under the rigid E11 transfor-
mations and only transform under local Ic(E11) transformations. Let us denote the Cartan
forms in VE , when referred to tangent space, by G⋄,• where • is a generic E11 index and ⋄
is a generic form index referred to the tangent space using the generalised vielbein EA
Π, in
other words ⋄ is the index used to label the l1 representation. The dynamics is by definition
just a set of equations which are invariant under the local and rigid transformations of the
non-linear realisation. Thus if we construct the dynamics out of G⋄,• we need only worry
about the local transformations. Hence to find the dynamics is just a problem in group
theory. However our knowledge of the properties of Ic(E11) is limited and so, for the time
being, we must carry this calculation out level by level. We will demand that the equations
of motion are first order in derivatives and so first order in G⋄,•. This is a special feature of
E11 reflecting the fact that E11 is a duality symmetry generalising electromagnetic duality.
The level zero Cartan involution invariant subalgebra is SO(4)×SU(8) and so we can
choose to classify the equations of motion by representations of this algebra. The Cartan
involution invariant subalgebra is generated by the level zero sector and the generators
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Sa±I1I2 and so to check the invariance under the full non-linear realisation we need only
check that the equations of motion are inert under these transformations. As such we will
write down all terms, with arbitrary coefficients, in the chosen representation of SO(4)×
SU(8), up to the level being studied, and then vary them under the transformations of
the Cartan involution invariant subalgebra; that is, the the SU(8) transformations given
in equations (3.30) and (3.31) and the Sa±I1I2 transformations given in equations (3.25)
and (3.29).
Let us begin with the equation of motion whose terms belongs to the 6-dimensional
representation of SO(4), that is two antisymmetrised indices, and the 28 (2¯8)-dimensional
representation of SU(8). While the representations of SO(4) are obvious the same is
not always true for those of SU(8), at least in the formalism we are using. However, in
constructing objects that transform as representations of SU(8) we can be guided by the
well known action of the SO(8) subgroup. The most obvious such terms are those Cartan
forms whose • index, that is E11 index, carries, at least in part, the 28 (2¯8)-dimensional
representation of SU(8) and whose ⋄ index is just the four dimensional representation of
GL(4), that is, the object G[a1,a2]+I1I2 (Ga1,a2−I1I2). However, we can also consider the
Cartan forms whose • index contains the 70-dimensional representation of SU(8), that is
use the objects G⋄,a1a2+
I1...I4 and G⋄,a1a2S
I
J , and whose ⋄ index, that is l1 index, belongs
to the 28 (2¯8) representation of SU(8), that is GI1I2±,•. We can then form the 28 (2¯8) of
SU(8) using the tensor product rules 28 × 70 = 2¯8 + . . . (2¯8 × 70 = 28 + . . .). Thus we
consider the sum of the two terms
G±J1J2,a1a2+
J1J2I1I2 , G±[I1|K,a1a2S
K
|I2] (4.1)
Using the SU(8) variations of the Cartan forms of equations (3.30) and (3.31) we find that
the combination
∆G±a1a270I1I2 ≡ G±J1J2,a1a2+
J1J2I1I2 ± iG±[I1|K,a1a2S
K
|I2] (4.2)
transforms under SU(8) as
δ(∆G±a1a270I1I2) = ±2iΛI1I2K1K2∆G±a1a270K1K2 (4.3)
that is like the 28 (2¯8)-dimensional representation of SU(8) and so like G⋄,a±I1I2 . The use
of the subscript 70 reminds the reader of where this term originated and it will be used to
distinguish this term from a similar term that we will also now construct.
We can also form the 28 (2¯8) representation by taking the • index to be the 63-
dimensional representation of SU(8) instead of the 70-dimensional representation and using
the tensor product rules 28× 63 = 28 + . . . (2¯8× 63 = 2¯8 + . . .). As a result we consider
the terms
G±J1J2,a1a2−
J1J2I1I2 , G±[I1|K,a1a2A
K
|I2] (4.4)
Proceeding as before we find that the combination
∆G±a1a263I1I2 ≡ G∓J1J2,a1a2−
J1J2I1I2 ∓ iG∓[I1|K,a1a2A
K
|I2] (4.5)
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transforms as
δ(∆G±a1a263I1I2) = ±2iΛI1I2K1K2∆G±a1a263K1K2 (4.6)
that is as the 28 (2¯8)-dimensional representation of SU(8).
Finally, we can write down all possible terms in the equation of motion that transforms
as the 6-dimensional representation of SO(4) and the 28 (2¯8)-dimensional representation
of SU(8); taking arbitrary coefficients they are given by
G[a1,a2]±I1I2 + i
e1±
2
ǫa1a2
b1b2Gb1,b2±I1I2 + e70±∆G±a1a270I1I2 + e63±∆G±a1a263I1I2
+i
e1±
2
ǫa1a2
b1b2(e′70±∆G±a1a270I1I2 + e
′
63±∆G±a1a263I1I2) + . . . = 0 (4.7)
where + . . . mean terms at level greater that two in the fields and derivatives with respect
to the coordinates that are greater than level zero.
Varying equation (4.7) under a local transformation, but keeping only terms that
contain the Cartan forms Ga1,a2±I1I2 , we find that the first term leads to a term of the
form
4G[a1|,
b
|a2]+I1I2J1J2Λb∓J1J2 (4.8)
as well as other terms. We can rewrite this term as
2Gb,a1a2+I1I2J1J2Λb∓J1J2 − 6G[b,a1a2]+I1I2J1J2Λ
b
∓J1J2 (4.9)
The first term can be canceled if we choose the constant in equation (4.7) to be given by
e70± = −
1
2
. The second term is of the form of a field strength and, as we will see, it is
required to find the original equation again after the variation. We note that although the
local variations of the Cartan forms do not lead to field strengths for the gauge fields there
are allowed terms in the equation of motion that involve derivatives with respect to the
extra coordinates which cancel the non-field strength terms. Proceeding in the same way
for similar variations one finds that e63± = −
1
2 . Thus we find that, for these coefficients,
the variation of equation (4.7) is invariant if we discard variations that involve other fields.
Collecting these results we find that equation (4.7) can be rewritten as
G[a1,a2]±I1I2 ±
i
2
ǫa1a2
b1b2Gb1,b2±I1I2 = 0 (4.10)
where
G[a1,a2]±I1I2 ≡ G[a1,a2]±I1I2 −
1
2
∆G±a1a270I1I2 −
1
2
∆G±a1a263I1I2 (4.11)
We recognise these as the correct equations of motion of the gauge fields once one acts
with another derivative and takes the fields to depend only on the usual coordinates of
four-dimensional space-time.
When carrying out the variations in this section we consider only terms in the varia-
tions that have derivatives with respect to the usual coordinates of space-time. As a result
one finds new equations that contain only terms with space-time derivatives. However,
when we vary these equations the result is sensitive, by using equation (3.29), to terms in
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the original equation that contain derivatives with respect to the generalised coordinates,
that is, the derivative E±I1I2
Π∂Π.
We now take all the other variations of equation (4.7) under equations (3.25) and
(3.29), except those involving the fields of gravity and dual gravity. We find that it leads
to the equations
Ga,
I1I2J1J2 − ǫab1b2b3Gb1,b2b3+
I1I2J1J2 = 0 (4.12)
Ga,
I
J − ǫab1b2b3Gb1,b2b3S
I
J = 0 (4.13)
In carrying out this calculation one must set to zero the coefficients of the parameters
Λa+I1I2 and Λa−I1I2 as well as the independent SO(1,3) tensor structures and in doing
so one finds two copies of the above equations that are only consistent if e21± = 1; in the
above equation we have chosen e1± = ±1.
Varying the equations of motion for the scalars (4.12) and (4.13) under the local
Ic(E11) transformations one finds the vector equation of motion of equation (4.10). How-
ever, as explained above, it is in carrying out this step one finds the contributions in
equations (4.12) and (4.13) that contain the derivatives with respect to the Lorentz scalar
coordinates and the actual equations now read
Ga,
I1I2J1J2 − ǫab1b2b3Gb1,b2b3+
I1I2J1J2 = 0 (4.14)
Ga,
I
J − ǫab1b2b3Gb1,b2b3S
I
J = 0 (4.15)
where
Ga,
I1I2J1J2 = Ga,
I1I2J1J2 + 6∆Ga,
I1I2J1J2 , Ga,
I
J = Ga,
I
J + 6∆Ga,
I
J (4.16)
and
∆Ga,
I1I2J1J2 = +
i
2
(G−[I1I2|,a+|I3I4] +
1
4!
ǫI1...I4K1...K4G−[K1K2|,a+|K3K4])
−
i
2
(G+[I1I2|,a−|I3I4] +
1
4!
ǫI1...I4K1...K4G+[K1K2|,a−|K3K4]),
∆Ga,
I
J = +
1
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(G−IK,a+KJ +G−JK,a+KI −
1
4
δIJG−LK,a+KL
+G+IK,a−KJ +G+JK,a−KI −
1
4
δIJG+LK,a−KL) (4.17)
One can verify that the combinations ∆Ga,
I1I2J1J2 and ∆Ga,
I
J transform as the 70-
dimensional representations of SU(8), that is, as Ga,
I1I2I3I4 and Ga,
I
J do.
Taking another derivative acting on equations (4.14) and (4.15) we find the equations
of motion for the scalars of four dimensional maximal supergravity provided we again take
the fields to depend only on just the usual coordinates of four dimensional space-time.
In varying equation (4.10) we also find the equations
Gb1,b2b3−
I1I2I3I4 = 0 (4.18)
Gb1,b2b3A
I
J = 0 (4.19)
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These equations are expected as the fields in the non-linear realisation which are dual to
the scalars belong to the 133 of E7, however, there are only 70 scalars as they belong to the
non-linear realisation of E7 with local subgroup SU(8), equivalently the coset E7/SU(8).
The variations of these equations will be discussed later.
Thus one finds an infinite set of equations of motion that are invariant under the
symmetries of the non-linear realisation; the lowest two equations being the equations
of motion for the gauge fields, equations (4.10), and scalars equations (4.14) and (4.15).
These latter equations are equivalent to the equations for the four dimensional maximal
supergravity theory provided we take the fields not to depend on the Lorentz scalar co-
ordinates. We note that these equations are uniquely determined by the symmetries once
we pick the Lorentz and SU(8) character of one of them.
We now consider equations whose Lorentz and SU(8) character do not occur in the
above infinite set. In particular we consider the equation that is a Lorentz scalar but
transforms under the 28 (2¯8) of SU(8). Up to the level at which we are working the only
possible terms that this can contain are
Ga,
a
±I1I2 , G±J1J2,
J1J2I1I2 , G±[I1|K,
K
|I2] (4.20)
Varying under the local transformations of section three we find that this equation will be
invariant if it takes the form
Ga,
a
±I1I2 ±
i
2
G±J1J2,
J1J2I1I2 +
1
2
G±[I1|K,
K
|I2] = 0 (4.21)
and we also impose the additional equations
Ga,
b
a+I1...I4 +
3
2
G−[I1I2|,b+|I3I4] +
3
2
G+[I1I2|,b−|I3I4] = 0 (4.22)
Ga,
b
a−I1...I4 +
3
2
G−[I1I2|,b−|I3I4] +
3
2
G+[I1I2|,b+|I3I4] = 0 (4.23)
Ga,
b
aS
J
K − iG−L(K|b,+L|J) + iG+L(K|b,−L|J) = 0 (4.24)
and
Ga,
b
aA
J
K + iG−L[K|b,−L|J ] − iG+L[K|b,+L|J ] = 0 (4.25)
One can verify that the local variation of equations (4.22) to (4.25) leads to equation (4.20).
Thus one finds another infinite tower of invariant equations which are uniquely specified
by the symmetries of the non-linear realisation.
The equations (4.21-4.25) can be thought of as gauge conditions, if one sets the de-
pendence of the fields to be just that of the coordinates of the usual four dimensional
space-time. Of course one does not have to actually adopt these latter equations and one
can just take the equations (4.10), (4.14), (4.15) and their higher level analogues.
We conclude this section with some incomplete results on the higher level equations
of motion. By varying the field equation for the gauge fields we found equations (4.18)
and (4.19). Varying the first equation under the Ic(E11) local variations we find that
8
∑
±
(−Λb±L[J|Gb,a∓L|I] +Λb±L[J|Ga,b∓L|I]) = 0 (4.26)
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The first term can be canceled by adding to the left-hand side of equation (4.18) the term
2
∑
±
G∓L[J,a∓L|I] (4.27)
However, the second term can be canceled by adding the term
Qa,
I
J (4.28)
Where Q⋄,• are the Cartan forms belonging to Ic(E11). This has a local transformation
which given by
δQa,
I
J = −4
∑
±
Λa±L[J|Qa,b∓L|I] (4.29)
As we noted in the gauge in which we are working Qa,b∓L|I] = Ga,b∓L|I]. However, Q⋄,•
does not transform homogeneously as it has a h−1dh part. As such once we add terms
of this type the equations of motion only hold modulo this inhomogeous term. Covariant
equations can be found by acting with a derivative in an appropriate way. The resulting
equation which replaces equation (4.18) is
ǫab1b2b3Gb1,b2b3A
I
J + 2
∑
±
G∓L[J|,a∓
L|I] +Qa,
I
J = 0 (4.30)
A similar analysis applies to equation (4.19) which is now replaced by the equation
ǫab1b2b3Gb1,b2b3−
I1...I4 − 3i
∑
±
∓G∓[I1I2|,a±|I3I4] +
1
2
Qa,I1...I4 = 0 (4.31)
The above steps are required in any non-linear realisation that is constructed from
a Kac-Moody algebra and involves scalars and has dual fields. To illustrate this let us
consider that the theory contains two scalars that belong to the non-linear realisation of
SL(2,R) which is part of the larger Kac-Moody algebra. The theory will also contain dual
fields which carry D−2 space-time indices, if D is the dimension of space-time, and belong
to the adjoint representation of SL(2,R). These lead to three field strengths which transform
in the adjoint representation of SL(2,R). However, only two of these are related to the two
scalars by a duality relation. This is possible as the Cartan forms transform under the
local symmetry which for Sl(2,R) is SO(2). While two of the Cartan forms are doublets
the remainder is a singlet and this can be set to zero, at least as far as the subalgebra
SL(2,R) is concerned. The extra D− 2 form field arises as the D− 2 forms must belong to
a multiplet of SL(2,R) while the scalars belong to the coset SL(2,R)/SO(2). However, the
variation of this field under the other transformations of the local subalgebra involves the
other fields from the non-linear realisation and these must be cancelled, hopefully in the
way explained above. One of the simplest contexts inwhich to think about this problem is
the IIB theory which has an obvious SL(2,R) subalgebra.
Varying the gauge field equation (4.10) but now keeping the gravity and dual gravity
fields we find that its real and imaginary parts are the same and are given by
G[a1|,
b
|a2] +
1
4
ǫa1a2
b1b2Gˆb1,
b
b2 = 0 (4.32)
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However to find the full equation one must vary this under the local symmetry and then
add the terms that contain derivatives with respect to the generalised coordinates and the
”Q” terms. The latter are the Qa,
b
c, that is the parts of the Cartan forms associated
with the Lorentz algebra. As a result the gravity equation will only hold up to local
Lorentz transformations which include a term which contains the derivative of the Lorentz
parameter. We note that the formulation of the correct gravity equation has some features
that are similar to those for the scalar and this should increase the propect that the solution
can to be found within the context of the Kac-Moody algebra.
The resulting equation for gravity and those of equations (4.30) and (4.31) are still
being studied and the author expects to write a more complete account in a subsequent
publication. We also hope to report on the significance of the second set of equations.
5. Discussion
One can view the above computation from a slightly different perspective. We have
considered objects that are first order in the derivatives of the generalised space-time.
What we have shown, to the level to which we are working, is that the right-hand sides of
equations (4.10), (4.14) and (4.15) vary into each other under the local symmetry Ic(E11)
and so transform covariantly. Similarly, the left-hand side of equations (4.21-4.25) vary
into each other under the local symmetry. Since the rigid symmetry is automatically
encoded in the way we have performed the computation it follows that we have found
two sets of expressions each of which transform covariantly under all the symmetries of the
non-linear realisation. Furthermore the two sets are uniquely determined by the non-linear
realisation, that is, the properties of the E11 Kac-Moody algebra and its first fundamental
representation l1. The only assumption we have made is that the objects we consider are
first order in the generalised space-time derivatives.
One is not forced to set either of these two sets of expressions to zero, however, if
one sets the first set to zero then one will find an infinite number of equations the first
two of which correctly describe the equations of motion of the scalars and the gauge fields
once we consider the fields to depend only on the usual coordinates of four dimensional
space-time.
We can state the result in a more group theoretic manner. The Cartan forms in
the coset direction, that is the P , carry a representation of Ic(E11); the transformations
acting on the indices that are inherited from the adjoint representation of E11 as well as the
indices that arise from the l1 representation. However, this representation is not irreducible
as there exists, at least at low levels, an involution operator on the representation which
can be used to define the irreducible components. This involution includes the action of
the the epsilon symbol of the usual space-time and it maps fields to their duals. Thus
it is a generalisation of our usual notion of electromagnetic duality. It would be good to
understand the representation carried by the Cartan forms and the involution in a more
abstract way as this could lead to a more efficient way of computing the equations of
motion rather than the order by order method used in this paper.
We note that when we discard coordinates from the the generalised space-time except
those of the usual four-dimensional space-time then the equations are gauge invariant and
are unique so we did not have to adjust any constants in order to achieve this. This is
in contrast to previous such computations in the early papers on E11, and for example
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in references [24,25], where one found the equations of motion, or Lagrangian, were only
determined up to some constants. This problem was addressed in the earliest E11 papers by
demanding that the equations also be conformally invariant, an idea which was first used in
reference [19], or by simply demanding gauge symmetry as in [24,25]. The difference with
the calculation of this paper is that one has implemented the symmetries of the non-linear
realisation at a higher level and in particular the local symmetries which were often taken
to be just those at the very lowest level, that is, just the Lorentz group.
The results found in this paper are similar to the calculation of the E11⊗s l1 non-linear
realisation in ten and eleven dimensions given in references [29,30] and [31] respectively.
Also in these papers one considered quantities that were first order in the derivatives with
respect to the generalised space-time and one found only two unique sets which transform
covariantly into themselves under the symmetries of the non-linear realisation. Setting one
of these sets to zero leads to the equations of motion of the corresponding supergravity.
The way the results in these papers were phrased were a bit different, but it is equivalent
to the statement just made.
In the full non-linear realisation the field equations will depend on the higher level
fields which arise from the E11 part of the non-linear realisation and they will lead to effects
which it would be interesting to study. In particular we already know that the three form
fields at level four will lead to the gauged supergravities in four dimensions [12,36].
It is striking, at least to this author, that the E11 ⊗ l1 non-linear realisation leads es-
sentially uniquely to the correct equations for the scalars and gauge fields and an equation,
yet to be fully formulated, for the gravity that has many of the correct features. Indeed if
the latter equation were to turn out to be correct then the E11 conjecture would be proven.
The present paper provides a good arena to see if this is indeed the case.
The equations contain derivatives with respect to the higher level coordinates belong-
ing to the generalised space-time. Just setting to zero the derivatives with respect to all
the coordinates except those of the usual four dimensional space-time is not a satisfactory
step. It is difficult to believe that the additional coordinates, beyond those of the usual four
dimensional space-time, are not there for a reason. Indeed, as we have already noted the
higher level coordinates do play an important role in the formulation of the gauged super-
gravities [13]. However, it remains to implement a truly satisfactory, physically motivated,
procedure that carries out the required radical reduction in the number of coordinates.
We note that for the E11 ⊗ l1 non-linear realisation, at lowest level, in the decomposition
that leads to the IIA theory the reduction has been found to occur by considering the first
quantised theory [38]. While the full twenty dimensional generalised space-time occurs in
the first quantised theory its quantisation to find the field theory requires that half of the
coordinates are eliminated. Thus the quantisation breaks the manifest SO(10,10) symme-
try, however, if one takes into account all possible ways of choosing the ten dimensional
slice of space-time that remains then the theory should possess the full symmetry, albeit in
a hidden way. It would be interesting to extend these results to the full E11⊗ l1 non-linear
realisation.
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Appendix A The E11 ⊗s l1 algebra
This appendix is designed to equip the reader with the E11 material required to
understand this paper. Rather than explain the theory behind Kac-Moody algebras we will
present the required results. We first give the E11 algebra in the decomposition appropriate
to eleven dimensions, that is, we decompose the E11 algebra into representations of A10,
or SL(11), representations [10,16]. This algebra is found by deleting node eleven in the
Dynkin Diagram of E11 given below
⊗ 11
|
• − • − . . . − • − • − • − •
1 2 7 8 9 10
Fig 1. The E11 Dynkin diagram
The way one constructs this algebra from the definition of E11 as a Kac-Moody al-
gebra in terms of representations of SL(11) is discussed, for example, in [17]. For the
calculation in this paper one does not need to understand all the subtleties of this con-
struction and the parts of the algebra that are needed are given below. The generators
can be classified according to a level which is associated with the decomposition associ-
ated with the deletion of node eleven. At level zero we have the algebra GL(11) with the
generators Kab, a, b = 1, . . .11 and at level one and minus one the rank three generators
Rabc and Rabc respectively. The generators at level two and minus two are R
a1...a6 and
Ra1...a6 respectively, while those at levels three and minus three are R
a1...a8,b and Ra1...a8,b
respectively. The level is just the number of upper minus lower indices divided by three.
For a discussion giving the more abstract definition of level which relates it to the deletion
of node eleven see for example references [17] or [38].
The E11 algebra at levels zero and up three is given by [10,16]
[Kab, K
c
d] = δ
c
bK
a
d − δ
a
dK
c
b, (A.1)
[Kab, R
c1...c6 ] = δc1b R
ac2...c6 + . . . , [Kab, R
c1...c3 ] = δc1b R
ac2c3 + . . . , (A.2)
[Kab, R
c1...c8,d] = (δc1b R
ac2...c8,d + · · ·) + δdbR
c1...c8,a. (A.3)
and
[Rc1...c3 , Rc4...c6 ] = 2Rc1...c6 , [Ra1...a6 , Rb1...b3 ] = 3Ra1...a6[b1b2,b3], (A.4)
where + . . . means the appropriate anti-symmetrisation.
The E11 level zero and negative level generators up to level minus three obey the
relations
[Kab, Rc1...c3 ] = −δ
a
c1
Rbc2c3 − . . . , [K
a
b, Rc1...c6 ] = − δ
a
c1
Rbc2...c6 − . . . , (A.5)
[Kab, Rc1...c8,d] = − (δ
a
c1
Rbc2...c8,d + · · ·)− δ
a
dRc1...c8,b. (A.6)
[Rc1...c3 , Rc4...c6 ] = 2Rc1...c6 , [Ra1...a6 , Rb1...b3 ] = 3Ra1...a6[b1b2,b3], (A.7)
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Finally, the commutation relations between the positive and negative generators are given
by
[Ra1...a3 , Rb1...b3 ] = 18δ
[a1a2
[b1b2
Ka3]b3] − 2δ
a1a2a3
b1b2b3
D, [Rb1...b3 , R
a1...a6 ] =
5!
2
δ
[a1a2a3
b1b2b3
Ra4a5a6]
[Ra1...a6 , Rb1...b6 ] = −5!.3.3δ
[a1...a5
[b1...b5
Ka6]b6] + 5!δ
a1...a6
b1...b6
D,
[Ra1...a3 , R
b1...b8,c] = 8.7.2(δ
[b1b2b3
[a1a2a3
Rb4...b8]c − δ
[b1b2|c|
[a1a2a3
Rb3...b8])
[Ra1...a6 , R
b1...b8,c] =
7!.2
3
(δ
[b1...b6
[a1...a6
Rb7b8]c − δ
c[b1...b5
[a1...a6
Rb6b7b8]) (A.8)
where D =
∑
bK
b
b, δ
a1a2
b1b2
= 12(δ
a1
b1
δa2b2 − δ
a2
b1
δa1b2 ) = δ
[a1
b1
δ
a2]
b2
with similar formulae when
more indices are involved.
We also need the fundamental representation of E11 associated with node one, de-
noted by l1. By definition this is the representation with highest weight Λ1 which obeys
(Λ1, αa) = δa,1, a = 1, 2 . . . , 11 where αa are the simple roots of E11. In the decomposition
to Sl(11), corresponding to the deletion of node eleven, one finds that the l1 representation
contains the objects Pa, Z
ab and Za1...a5 , a, b, a1, . . . = 1, . . . , 11 corresponding to levels
zero, one and two respectively. We have taken the first object, i.e. Pa, to have level zero
by choice. Taking these to be generators belong to a semi-direct product algebra with those
of E11, denoted by E11 ⊗s l1, their commutation relations with the level one generators of
E11 are given by [16]
[Ra1a2a3 , Pb] = 3δ
[a1
b Z
a2a3], [Ra1a2a3 , Zb1b2 ] = Za1a2a3b1b2 ,
[Ra1a2a3 , Zb1...b5 ] = Zb1...b5[a1a2,a3] + Zb1...b5a1a2a3 (A.9)
These equations define the normalisation of the generators of the l1 representation. The
commutators of the generators of the l1 representation with those of GL(11) are given by
[Kab, Pc] = −δ
a
cPb +
1
2
δabPc, [K
a
b, Z
c1c2 ] = 2δ
[c1
b Z
|a|c2] +
1
2
δabZ
c1c2 ,
[Kab, Z
c1...c5 ] = 5δ
[c1
b Z
|a|c2...c5] +
1
2
δabZ
c1...c5 (A.10)
The commutation relations with the level two generators of E11 are given by
[Ra1...a6 , Pb] = −3δ
[a1
b Z
...a6], [Ra1...a6 , Zb1b2 ] = Zb1b2[a1...a5,a6], (A.11)
The commutators with the level −1 negative root generatorsare given by
[Ra1a2a3 , Pb] = 0, [Ra1a2a3 , Z
b1b2 ] = 6δb1b2[a1a2Pa3], [Ra1a2a3 , Z
b1...b5 ] =
5!
2
δ[b1b2b3a1a2a3Z
b4b5]
(A.12)
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